ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 
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Abstract. We prove that \M\c = tz(c) (M) for any closed oriented 3-manifold 
M and for any spherical fusion category C of non-zero dimension. Here \M\c 
is the Turaev-Viro-Barrett-Westbury state sum invariant of M derived from C, 
Z{C) is the Drinfeld-Joyal-Street center of C, and Tz(c)i^) Reshetikhin- 
Turaev surgery invariant of M derived from Z{C). 
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Introduction 

Two fundamental constructions of 3-dimensional topological quantum field the- 
ories (TQFTs) are due to Reshetikhin-Turaev [OT] and Turaev-Viro [TV]. The 
RT-construction is widely viewed as a mathematical realization of Witten's Chern- 
Simons TQFT, see |Wi) . The TV-construction is closely related to the Ponzano- 
Regge state-sum model for 3-dimensional quantum gravity, see |Ca] . The first 
connections between these two constructions were established by Walker |Wa) and 
Turaev [Tuj . In 1995, the first named author conjectured a more general connection 
between these constructions. This connection may be formulated as the identity 
\M\c = Tz(c){M): see below for a detailed statement. The aim of our paper is to 
prove this conjecture. 
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The Turaev-Viro approach derives TQFTs from spherical fusion categories. We 
define a fusion category as a monoidal category with compatible left and right du- 
alities such that all objects are direct sums of simple objects and the number of 
isomorphism classes of simple objects is finite. The condition of sphericity says 
that the left and right dimensions of all objects are equal. A spherical fusion cate- 
gory has a numerical dimension, which we suppose to be non-zero throughout the 
introduction. The original TV-construction }TV] applies to categories of represen- 
tations of the quantum group Uq{sl2{C)) at roots of unity. This was extended to 
modular categories (i.e., to spherical fusion categories with braiding) in (Tuj . At 
about the same time, A. Ocneanu observed that the use of the braiding may be 
avoided. This was formalized by Barrett and Westbury |BW1| (see also |GK| ) who 
derived a topological invariant \M\c of an arbitrary closed oriented 3- manifold M 
from a spherical fusion category C. The Barrett-Westbury construction generalizes 
that of Turaev-Viro and is widely viewed as the most general form of the TV- 
construction. The definition of \M\c goes by considering a certain state sum on 
a triangulation of M and proving that this sum depends only on M and not on 
the choice of triangulation. The key algebraic ingredients of the state sum are the 
so-called 6j'-symbols associated with C. 

The Reshetikhin-Turaev construction of 3-manifold invariants uses as the main 
algebraic ingredient a modular category B. This construction associates with every 
closed oriented 3-manifold Af a numerical invariant Tg{M). Its definition is based 
on surgery presentations of M by links in the 3-sphere. 

For every monoidal category C, Joyal and Street [JS] and Drinfeld (unpublished, 
see Majid |Maj| ) defined a braided monoidal category Z{C) called the center of C. 
A fundamental theorem of Miiger jMu2] says that the center of a spherical fusion 
category C over an algebraically closed field is modular. Combining with the results 
mentioned above, we observe that such a C gives rise to two 3-manifold invariants: 
\M\c and tz[c){M). We prove in the present paper that these invariants are equal, 
i.e., for all M, 

(1) \M\c=Tz(^c){M). 

This was previously known in several special cases: when C is modular |Tu] . [Waj . 
when C is the category of bimodules associated with a subfactor |KSW) , and when 
C is the category of representations of a finite group. For modular C, the category 
Z{C) is braided equivalent to the Deligne tensor product CMC, where C is the 
mirror of C, and therefore Formula ([l} can be rewritten as 

\M\c - T^miM) = tc{M)t^(M) = tc{M)tc{-M), 

where —M is M with opposite orientation. If C is a unitary modular category, then 
rc(-M) = Tc{M) and so \M\c = \tc{M)\\ 

Formula ([T]) relates two categorical approaches to 3-manifold invariants through 
the categorical center. This relationship sheds new light on both approaches and 
shows, in particular, that the RT-construction is more general than the state sum 
construction. For further corollaries of Formula ((T]) , see Section [TT] 

The proof of Formula ((T|) is based on topological quantum field theory (TQFT). 
For a modular category B, the invariants tb{M) extend to a 3-dimensional TQFT 
TB derived from B, see [RTj . The invariant \M\c also extends to a 3-dimensional 
state sum TQFT |.|c which we define here in terms of state sums on skeletons of 
3-manifolds. It is crucial for the proof of Formula ((Ij that we allow non-generic 
skeletons, i.e., skeletons with edges incident to > 4 regions. (A similar though 
somewhat different approach to 3-dimensional state sum TQFTs was independently 
introduced by Balsam and Kirillov |KB| .) In particular, we give two different state 
sums on any triangulation i of a closed oriented 3-manifold M: the one in |TVj . 
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|BW1| and a new one. In the former, the labels are attributed to the edges and the 
Boltzmann weights are the 6j-synibols computed in the tetrahedra; in the latter, 
the labels are attributed to the faces and the Boltzmann weights are computed 
in the vertices. The existence of two different state sums is due to the fact that 
the triangulation t gives rise to two different skeletons of M: the 2-skeleton of the 
cellular decomposition of M dual to t and the 2-skeleton of t itself. (It is non-obvious 
but true that these two state sums are equal.) 

Our main theorem claims that for any spherical fusion category C over an alge- 
braically closed field, the TQFTs \.\c and tz(c) are isomorphic: 



for any oriented closed surface E and any oriented 3-cobordism M . The proof in- 
volves a detailed study of transformations of skeletons of 3-manifolds and the com- 
putation of the coend of Z{C) provided by the theory of Hopf monads in monoidal 
categories due to Bruguieres and Virelizier [B V2j . 

The paper is organized as follows. Sections 1-4 deal with preliminaries on 
monoidal and fusion categories and the associated invariants of colored graphs. 
In Sections 5-9 we construct the TQFT \.\c- In Sections 10 and 11 we recall the 
necessary definitions from the theory of modular categories and state our main the- 
orems. A proof of these theorems is given in Sections 12-15. Though we do not 
specifically use 6j-symbols, we include for completeness an appendix summarizing 
their algebraic properties. 

The authors are indebted to N. Ivanov and S. Matveev for helpful discussions. 
The work of V. Turaev on this paper was partially supported by the NSF grant 
DMS-0904262. A. Virelizier was partially supported by the ANR grant GESAQ. 

Throughout the paper, the symbol k denotes a commutative ring. 



We review several classes of monoidal categories needed in the sequel. 

1.1. Pivotal categories ( |Malj ) . By a pivotal (or sovereign) category, we mean a 
strict monoidal category C with unit object 1 such that to each object X £ Ob(C) 
there are associated a dual object X* G Ob(C) and four morphisms 



satisfying the following conditions: 

(a) For every X G Ob(C), the pair (evx,coevx) is a left duality for X, i.e., 
{idx ® evx)icoevx ® idx) = idx and {evx <X) idx'){^dx* coevx) = idx*; 

(b) For every X S Ob(C), the pair {cvx,coevx) is a right duality for X, i.e., 
(evx idjc)(idx ® c'oevjf ) = idx and (idx* ® evx)(c'oevx ® id^* ) = idx* ; 

(c) For every morphism f : X Y in C, the left dual 

/* = (evy (g) idx*){idy <E) f <E) idx-){idY- <S) coevx)- Y* X* 
is equal to the right dual 
/* = (idx- ® evy)(idx* <E) f (E) idy.)(cc)evx (giidy.): Y* X*; 

(d) For all X,Y E Ob(C), the left monoidal constraint 
(evx(8)id(y^x)*)(idx*<8)evy®id(y^x)*)(idx*®y*«'Coevy^x): X*<EY* (Yi^X)* 

is equal to the right monoidal constraint 
(id(y®x)*®evy)(id(y®x)*®evx<8)idx*)(coevy®x<8)idx*0y*) : X*iEY* (Y^X)*; 



E|c~T2(c)(S) and \M\c ~ tz(^c}{M) 



1. Pivotal and spherical categories 



evx : X* (g) X ^ 1, 
evx ■■ X ® X* ^ 1, 



coevx : 1 ^ X (g) X* , 
coevx ■■ 1 ^ X* (g) X, 
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(e) evj = evi : 1* — 1 (or, equivalently, coevj — coevi : 1 — s- 1*). 
Note that the morphisms evi and coevj (respectively, evj and coevi) are mutu- 
ally inverse isomorphisms. The monoidal constraints in (d) also are isomorphisms. 
By abuse of notation, we will suppress these isomorphisms in the formulas. For 
example, we will write (/ (g> g)* = g* ® f* for morphisms /, 5 in C. 

1.2. Traces and dimensions. For an endomorphism / of an object X of a pivotal 
category C, one defines the left and right traces tTi{f),tTr{f) G Endc(l) by 

= evx(idx- ® /)coevx and trr{f ) = e'vA'(/ ® idx*)coevx. 

Both traces are symmetric: tii{gh) = tvi[hg) and ivr{gh) = ivr{hg) for any mor- 
phisms g: X ^ Y and h: Y ^ X in C. Also tr;(/) = trr(/*) = tri(/**) for any 
endomorphism / of an object (and similarly with Z,r exchanged). If 

(2) a (g) idx = idx ® a for all a e Endc(l) and X e Ob(C), 

then tr;,trr are (g)-multiplicative: tr;(/ 3) = tr;(/)tri(g) and iTr{f ® g) = 
tVr{f)tVr{g) for all endomorphisms /, 5 of objects of C. 

The left and right dimensions of X G Ob(C) are defined by dim;(X) = tr;(idx) 
and d\mr{X) = trr(idx). Clearly, dim/(X) = 6iuYr(X*) = dimi(X**) (and sim- 
ilarly with l,r exchanged). Note that isomorphic objects have the same dimen- 
sions and dim;(l) = dimr(l) = idi. If C satisfies ([5]), then left and right dimen- 
sions are ^-multiplicative: dim;(X ®Y) = dim/ (X) dim; (y) and dimr(X (g) F) = 
dim^(X) dimr(y) for any X,Y € Ob(C). 

1.3. Penrose graphical calculus. We represent morphisms in a category C by 
plane diagrams to be read from the bottom to the top. The diagrams are made of 
oriented arcs colored by objects of C and of boxes colored by morphisms of C. The 
arcs connect the boxes and have no mutual intersections or self-intersections. The 
identity idx of X G Ob(C), a morphism f: X ^ Y, and the composition of two 
morphisms f : X ^ Y and g: Y ^ Z are represented as follows: 



id 



X 



f = \7\ 



and gf 



\f\ 



If C is monoidal, then the monoidal product of two morphisms / : X 
g: U ^ V in represented by juxtaposition: 



Y and 



In a pivotal category, if an arc colored by X is oriented upwards, then the corre- 
sponding object in the source/target of morphisms is X* . For example, idx* and 
a morphism / : X* ®Y ®V* ®W may be depicted as: 

\u \-v \w 



id 



and / 



The duality morphisms are depicted as follows 

evx = ^^x, coevx = \^x> 

The dual of a morphism / : X 
be depicted as follows: 



f^x, coevx = \^x 
Y and the traces of a morphism g : X 



f* 



and tr/((7) 



iirig) 



X can 
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If C is pivotal, then the morphisms represented by the diagrams are invariant under 
isotopies of the diagrams in the plane keeping fixed the bottom and top endpoints. 

1.4. Linear and spherical categories. A monoidal k-category is a monoidal cat- 
egory C such that its hom-sets are (left) k-modules, the composition and monoidal 
product of morphisms are k-bilinear, and Endc(l) is a free k-module of rank one. 
Then the map k Endc(l),fc M> fcidi is a k-algebra isomorphism. It is used to 
identify Endc(l) = k. 

A pivotal k-category satisfies ([2]) . Therefore the traces tr/ , tr^ and the dimensions 
dimjjdim^ in such a category are (g)-multiplicative. Clearly, tr/,trr are k-linear. 

A spherical category is a pivotal category whose left and right traces are equal, 
i.e., tTi{g) = tir{g) for every endomorphism g of an object. Then tTi{g) and tTr{g) 
are denoted t^^g) and called the trace of g. Similarly, the left and right dimensions 
of an object X are denoted dim{X) and called the dimension of X. 

For spherical categories, the corresponding Penrose graphical calculus has the 
following property: the morphisms represented by diagrams are invariant under 
isotopies of diagrams in the 2-sphere 5'^ = U {oo}, i.e., are preserved under 
isotopies pushing arcs of the diagrams across oo. For example, the diagrams above 
representing tj:i{g) and trr((?) are related by such an isotopy. The condition tTi{g) = 
tTr{g) for all g is therefore necessary (and in fact sufficient) to ensure this property. 

1.5. Remark. Our definition of a pivotal category is equivalent to the standard 
definition given in terms of pivotal structures, see |Mal| . A pivotal structure on a 
monoidal category C with left duality {{X*,ev, coev)}xeOb(c) is a monoidal natural 
isomorphism ip = {ipx ■ X -J> X**}xeOh(c), i-e-, V'x®!' = 'S'lpy and ipt = idi 
(up to the monoidal constraints) . A pivotal category C obtains a pivotal structure by 
Ipx — {evx (S)idx"){idx ® coevx*) for X G Ob(C). Conversely, a pivotal structure 
makes C pivotal by evx = evx* ii'x ® idx* ) and coevx — (idjc* CE> ipx^)coevx* ■ 

2. Multiplicities in pivotal categories 

For n > 1 objects Xi,. . . ,Xn of a monoidal category C, one can consider the 
"set of multiplicities" Homc(l, ATi (g) • • • eg) X„). We show that if C is pivotal, then 
this set essentially depends only on the cyclic order of the objects Xi, . . . , Xn- 

2.1. Permutation maps. For objects X,Y oi a. pivotal category C, let 

ax,Y- Homc(l,X g) r) IIomc(l, F ® X) 
be the map defined as follows: for any a e Homc(l, X ®Y)^ 

(3) (Tx,Y{a) = (evx ® idF,g,x)(idx* ®a® \dx)coevx = 



It is easy to check that the maps {crx,y}x.YeOb(c) are natural in the sense that 

{g® f )(^x,Y(a) ^ ax'.Y'{{f ® 9)a) 

for any morphisms f : X ^ X' , g : Y ^ Y' , and a: 1 ^ X ®Y va C . The following 
lemma shows that the maps {c^x.Y^xy behave as permutations. 

Lemma 2.1. For all X,Y,Z e Oh{C), 

(a) (Tx,Y is an isomorphism and cr^V ^ ^Y,x', 

(b) <Jx,i = <^i,x = idHomc(l,X); 

(c) (Jx®Y,z = (^Y.z^x <^x.Y0Z and ax.Y®z = <^Z0X,y ctx^y.z- 

Proof. Claims (b) and (c) are direct consequences of the monoidality of the duality 
functor (C°P,(g°P) ^ (C,(g) defined hy X ^ X* and / ^ /*. From (b) and (c), 
we obtain ay.x ctx^y = <yx®Y,i = idHomc(i,x<8.y), hence (a). □ 
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It is easy to deduce from Claim (a) of this lemma that 



(4) 



<^x,Y{a) = (idy,g,x evy)(idi' (8) a ® idy)coevy 




2.2. Symmetrized sets of multiplicities. A signed object of a pivotal category C 
is a pair {X, e) where X e Ob(C) and e G {+, — }. Given a signed object {X, e), set 

X" = X if e = + and X" = X* if s = -. 

A cyclic C-set is a triple {E,c: E — > Ob(C), e: £■ {+, — }), where is a totally 
cyclically ordered finite set. In other words, a cyclic C-set is a totally cyclically 
ordered finite set whose elements are labeled by signed objects of C. For shortness, 
we will sometimes write E for (E,c,e). 

A cyclic C-set E = {E,c,e) determines a set H{E) as follows. For e G E, set 



where e = ei < 62 < • • • < e„ are the elements of E ordered starting from e via the 
given cyclic order (here n — ^E is the number of elements of E). For e, J G E, we 
define a map Pej ■ Hf as follows. We have f = Ck for k G {1, . . . , n}. Set 

X = c(ei)"("i) ® • • • ciek-iY^""-''' and Y = c{ekY^'"''> ® • • • ® c(e„)^('="^ 

Clearly, — X(x)Y and = The mappej carries a morphism a: 1 — )• Zg 

to CTjf.y (a) : 1 -> Z/- Lemma UTT] implies that {Hf.,Pej)ejeE is a projective system 
of sets and bijections. The projective limit H{E) = ^imiife depends only on E. It is 
equipped with a system of bijections r = {re : H(E) — >■ iJejeeE, called the universal 
cone. The bijections Tg : H[E) — > iJg are called cone bijections. 

An isomorphism of cyclic C- sets (j): E ^ E' is a bijection preserving the cyclic 
order and commuting with the maps to Ob(C) and {-f,— }. Such a induces a 
bijection H{(j)) : H{E) — > H{E') in the obvious way. 

2.3. Symmetrized multiplicity modules. Let C be a pivotal k-category. Clearly, 
for any cyclic C-set i?, the set H[E) is a k-module (called the symmetrized multi- 
plicity module), and the cone bijections and the maps H{(l)) as above are k-isomor- 
phisms. We now study duality for these modules. 

For a tuple S = ((Xi, ei), . . . , (X„, e„)) of signed objects of C with n > 1, set 



and S* ~ [Xn, — e„), • • ■ , (-'^1, — ^i)- The tuple S determines a cychc C-set Es = 
{1,2, . . . where l<2<---<n<l and the label of each e £ Es is (Xe,£e)- 
By definition, the k-modulc H{S) = H{Es) is preserved under cyclic permutations 
of S and is isomorphic to Home (1,^5) through the cone isomorphism ti. 

If S and T are two tuples of signed objects of C, then ST is the tuple obtained 
by their concatenation. Clearly, Xst ^ Xg ® Xt, (ST)* = T*S*, and 5*** = S. 
The following recursive formulas define a morphism EV5: Xs' ^5 — 1: 

Ev(^x,+) — evjf , Ev(x,-) = evx, and Evst = EvTiidx^* ® Evs (81 idx^,) 
for any 5, T. The morphism Evg induces a k-bilinear evaluation form 



by ujs{a (8/3)= Evs(a 8) 13) for aU a e Homc(l,Xs.) and ;3 G Homc(l,Xs). For 
example: 



= c(ei)^(^i) 8) •••8)c(e„)^(^") G Ob(C) and = Homdl, Z^) 



(5) 



Xs^Xl' c^---^x^-. 



(6) 



^5: Homc(l,Xs.) 8) Home (1,^5) Endc(l) = k 




As an exercise, the reader may verify that 0^5(0; (Ei (3) — ujs* {(3 ® a) for all a and (3. 
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Lemma 2.2. IfC is spherical, then L^TsicrxT* ,Xs-' ®'^Xs,Xt) — ^st for all tuples 
S, T of signed objects ofC. 

Proof. Let a £ Uomdt, Xi^sT)') = Homc(l,XT' <^Xs') and (3 e Uovacit, Xst) = 
Homc(l, (g) Xt). By the pivotality of C, 



Using these equahties, Formulas ([3]), and the sphericity of C, we obtain 



Evo 



' Evt > 



Evt- 



Evs 




Here the left-hand side represents (jJts{<^Xt* ,Xs*{oi) ® <^Xs,XTiP)) and the right- 
hand side represents u>st{(^ ® 13). Hence these two expressions are equal. □ 

By Lemma [2.21 for spherical C, the form ([6]) is compatible with cyclic permuta- 
tions of S and induces a well defined pairing H{S*) ® H{S) — > k also denoted ojs. 

The dual of a cyclic C-set (i?, c, e) is the cychc C-set (£'°p,c, — e), where 
is E with opposite cyclic order. Enumerating the elements of E in their cyclic 
order, we can identify E with Es for a tuple S of signed objects of C. Then 
E°'^ — Es*. If C is spherical, then the pairing wg: H{S*) H{S) — > k induces 
a pairing lje- H{E°p) (g) H{E) k. More generally, a duality between cyclic 
C-sets E and E' is an isomorphism of cyclic C-sets — >■ -E'. Such ^ induces 
a k-isomorphism : H{E°^) H{E') and a pairing 



(7) 



UJE o {H{(j))-^ (X) id) : i7(£;') ® i/(£;) ^ k. 



2.4. Non-degeneracy. Given two k-modules M and A^, one calls a k-bilinear form 
w : M (g) TV — k non- degenerate if there is a k-linear map f2 : k —i' N ^ M such that 
(idAT (g) uj){i} (g) idAr) = idAT and (w (g idM)(idM (g) r2) = idM- If such Q exists, then 
it is unique, and ^2(1) € N (g> M is the inverse of oj. The dual k-homomorphism 
Q.* : M* eg N* — > k is called the contraction induced by uj. Here M* = Homii(Af , k). 

A pivotal k-category C is non-degenerate if for any X G Ob(C), the form ujx ~ 
u}(x,+) ■ Homc(l,X*) (g Homc(l,X) ^> k (carrying a g) /3 to evx(Q! (g /3)) is non- 
degenerate. 

Lemma 2.3. IfC is non- degenerate, then the form (|6]) is non- degenerate for all S 
and the form ([7]) is non- degenerate for all E, E' , (p. 

Proof. Let {V-'x : X — !> X**} xeOh(C) be the isomorphisms defined in Remark 11.51 
For S*^ ((Xi,ei),...,(X„,e„)), set 

= V-Cx^ei) V'(x„,e„) : Xs {Xs*y, 

where = V'x and ip{x,-) — idx* for any X G Ob(C). One verifies that 

Evs — Gvxsi'fps* ® idxs) therefore ajs(a (g /3) = a;xs(V'S*(Q:) <8> Since the 
form ujxs is non-degenerate and ips* is an isomorphism, tos is non-degenerate. □ 



3. Invariants of colored graphs 



In this section, C is a pivotal k-category. 
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3.1. Colored graphs in surfaces. By a graph, we mean a finite graph without 
isolated vertices. Every edge of a graph connects two (possibly coinciding) vertices 
called the endpoints of the edge. We allow multiple edges with the same endpoints. 
A graph G is C- colored, if each edge of G is oriented and endowed with an object 
of C called the color of the edge. 

Let S be an oriented surface. By a graph in S, we mean a graph embedded 
in S. A vertex ?; of a C-colored graph G in S determines a cyclic C- set {E^, c^, s^) 
as follows: is the set of half-edges of G incident to v with cyclic order induced 
by the opposite orientation of S; the maps c^'- Ey ^ Ob(C) and £„ : E't, — {+, — } 
assign to each half-edge e € E^ its color and sign (the sign is -I- if e is oriented 
towards v and — otherwise). Set Hy{G) = H{Ey) and 

H{G) = ®„i/.(G), 

where v runs over all vertices of G and ® = is the tensor product over k. To 
stress the role of E, we shall sometimes write Hi,{G\Y?) for Hy{G) and (G; S) 
for H{G). 

For an n-valent vertex v of G, the k-module Hy{G) can be described as follows. 
Let ei < 62 < • • ■ < e„ < ei be the half-edges of G incident to v with cyclic order 
induced by the opposite orientation of S. Then Hy{G) ~ H{{Xi,ei), . . . , (X„, e„)), 
where Xr — Cy{er) and = Svi^r) are the color and the sign of for r — 1, . . . ,n. 
To simplify notation, we write H{Xi Si, . . . , Xn £„) for this module. For exam- 
ple, H{i+,j—,k+), H{j—,k+,i+), and H{k+,i+,j—) all stand for the module 
associated to the trivalent vertex 

Given two C-colored graphs G and G' in S, an isotopy of G into G' is an isotopy 
of G into G' in the class of C-colored graphs in S preserving the vertices, the 
edges, and the orientation and the color of the edges. An isotopy t of G into G' 
induces an isomorphism of cyclic C- sets Ey — > Ey> , where v is any vertex of G 
and v' = l{v). This induces k-isomorphisms Hy{L): Hy(G) — >■ Hyi{G') and H{l) = 
®yHy{L): H{G)^H[G'). 

A duality between two vertices w, w of a C-colored graph G in E is a duality 
between the cyclic C- sets Eu and Ey , see Section 12.31 Such a duality induces a 
pairing ujy.v'- Hu{G) (g) Hy{G) — k and, when C is non-degenerate, a contraction 
homomorphism *u,v '■ HyiG)* ® Hy{G)* — ?> k. 

A C-colored graph G C S determines a C-colored graph G°p in — E obtained 
by reversing orientation in all edges of G and in E while keeping the colors of the 
edges. The cyclic C-sets determined by a vertex w of G and G°p are dual. If C is 
non-degenerate, then we can conclude that 

Hy{G°P;-Y.) = Hy{G;J:)* and iJ(G°P; -E) = iJ(G; E)*. 

3.2. Invariants of graphs in R^. We always orient the plane counterclockwise. 
Let G be a C-colored graph in R^. For each vertex v of G, we choose a half- 
edge Cy e Ey and isotope G near v so that the half-edges incident to v lie above 
V with respect to the second coordinate on and e„ is the leftmost of them. 
Pick any a„ € Hy{G) and replace w by a box colored with rg^(Q:«) as depicted in 
Figure [ll where r" is the universal cone of Hy{G). This transforms G into a planar 
diagram which determines, by the Penrose calculus, an element of Endc(l) = k 
denoted Fc(G)((8>«a^). By linear extension, this procedure defines a vector Fc(G) S 
i7(G)* =HomM(i7(G),k). 



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 



9 




Figure 1. 



Lemma 3.1. The vector ¥c{G) G H(G)* is a well-defined isotopy invariant of a 
C-colored graph G in R^. More precisely, for any isotopy l between two C-colored 
graphs G, G' in R^, we have ¥c{G')H{l) = Fc(G), where H{l): H{G) H{G') is 
the isomorphism induced by l. 

Proof. Independence of fc{G) of the choice of the half-edges foUows from the 
definition of Hy(G). Invariance under isotopies follows from the pivotality of C. □ 

For example, if G = S'^ C is the unit circle with one vertex v — (1,0) and 
one edge oriented clockwise and colored with X G Ob(C), then Ey consists of two 
elements labeled by {X, +), {X, -) and H{G) = H„{G) ^ Homc(l, X* X). Here 
Fc(G)(a) = evxa G Endc(l) = k for ah a G H{G). 

3.3. Invariants of graphs in S^. If C is spherical, then the invariant Fc gener- 
alizes to graphs in the 2-sphere S''^ = U {oo} (the orientation of extends the 
counterclockwise orientation in R^). Let G be a C-colored graph in S^. Pushing, if 
necessary, G away from oo, we obtain a C-colored graph Go in R^. By Section [L4l 
Fc(G) = Fc(Go) G H{Go)* = H{G)* does not depend on the way we push G in R^ 
and is an isotopy invariant of G. 
We state a few properties of Fc . 

(i) If a C-colored graph G' C is obtained from a C-colored graph G C 
through the replacement of the color X of an edge by an isomorphic object 
X' , then any isomorphism X ^ X' induces an isomorphism cf): H{G) — ?> 
H{G') in the obvious way and (t>*{Wc{G')) = Fc(G). We call this property 
of Fc naturality. 

(ii) If an edge e of a C-colored graph G C S"^ is colored by 1 and the endpoints 
of e are also endpoints of other edges of G, then Fc(G) = Fc(G \ Int(e)). 
Indeed, in the Penrose calculus, e can be deleted without changing the 
associated morphism. 

(iii) If a C-colored graph G' C is obtained from a C-colored graph G C 5^ 
through the replacement of the color X of an edge ehy X* and the reversion 
of the orientation of e, then the isomorphism ipx ■ X — > X** of Remark ll.51 
induces an isomorphism H{G) H{G') and (V^)^(Fc(G')) = Fc(G). 

(iv) We have H(G n G') = H{G) ® H{G') and Fc(G E G') = Fc(G) (g) Fc(G') 
for any disjoint C-colored graphs G, G' C 5^. 

Example 3.2. For an n-tuple S ~ ((Xi,£i), . . . , (X„,£„)) of signed objects of C, 
consider the following C- colored graph 7 = 75 in S*^ : 




0) 



The graph 7 consists of n edges connecting the vertices u and v, the r-th edge being 
colored with X^ and oriented towards w if = + and towards u otherwise (the 
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picture corresponds to Si = — , £2 = +, £« — —)■ Then H{'-f) — H{S*) H{S) and 
fed) = ■ H{S*) ® H{S) — !■ k. The vertices m, w of 7 are in duahty induced by 
the symmetry with respect to the vertical hne and uju^v — i^s = fcil)- 

Example 3.3. For any i,j,k,l,m,n e Ob(C), consider the following C-colored 
graph in S^: 




Here H(r) is the tensor product of the modules H{m+,i—,n—), H{j+,i+, k—), 
H(n+,j~, and H{1+, k+, m— ). The vector Fc(r) G H{ry and similar vectors 
associated with other orientations of the edges of F form a family of 2^ = 64 tensors 
called 6j -symbols associated with k,l,m,n. For more on this, see Appendix. 

4. PrE-FUSION and fusion CATEGORIES 

4.1. Pre-fusion categories. An object X of a monoidal k-category C is simple 
if Endc(Ar) is a free k- module of rank 1. Equivalently, X is simple if the k-ho- 
momorphism k — Endc{X), k h- > kidx is an isomorphism. By the definition of a 
monoidal k-category, the unit object 1 is simple. 

A pre-fusion category (over k) is a pivotal k-category C such that 

(a) Any finite family of objects of C has a direct sum in C; 

(b) Each object of C is a finite direct sum of simple objects; 

(c) For any non-isomorphic simple objects «, j of C, we have Homc(«, j) = 0. 
Conditions (b) and (c) imply that all the Hom spaces in C are free k-modules of 
finite rank. The multiplicity of a simple object i in any X e Ob(C) is the integer 

Nx = rankk Home (A, *) = rankj^ Honic(i, X) > 0. 

This integer depends only on the isomorphism classes of i and X. 

A set / of simple objects of a pre-fusion category C is representative if 1 G / and 
every simple object of C is isomorphic to a unique element of /. Condition (b) above 
implies that for such / and any X e Ob(C), there is a finite family of morphisms 
X)aeA in C such that 

idx = qaPa, ia<^I, and p^g/? = (5a,/3 idi„ for ah a,/3GA, 

aeA 

where 5a, p is the Kronecker symbol. Such a family {pa,qa)a&A is called an I- 
partition of X . For i £ I, set A* — — {a G A\ia = i}. Then {pa ■ X i)a£i\} 
is a basis of Homc(A, i) and {qa ■ i — X)ae\i is a basis of Homc(i, X). Therefore 
#A' = A^j,, #A = E.e/ Nj,, and dim(A) = ^.e/ dim(i)A^3,. 

Lemma 4.1. Let C be a pre-fusion category. Then: 

(a) C is non-degenerate; 

(b) The left and right dimensions of any simple object of C are invertible in k; 

(c) C is spherical if and only i/dim;(z) = dmir{i) for any simple object i of C. 

Proof. Let / be a representative set of simple objects of C. Pick X E Ob(C) and 
an /-partition {pa : X ia, Qa - ia X)aeA of X. For any endomorphism / of A 
and Q G A, we have Pafla — A^idi^ for some G k. Then 

tr;(/) = tr/(/ ^ QaPa) = tri{^pafqa) = K dim/(za) 
agA agA qGA 

and similarly tirif) = X^qga dinv(ia)- This implies Claim (c). 
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The families (p* : 1* = 1 — ^ X*)aeA^ and (^q. : 1 — >■ X)aizAi are bases of the 
modules Homc(l,X*) and Homc(l,X), respectively, where = {a E A\ia = 1}. 
The pairing lux between these modules defined in Section 12.41 is non-degenerate 
because c^xiPa ® Q^) = evx(Pa 'Si qp) = Paqp = ^q,^ for all a,l3 € A^. This 
implies (a). 

Let i be a simple object of C. Then Nf,f^^ = 1 and so there are morphisms 
p: i*Si — ^ 1 and q: 1 ^ i*Si such that Homc(i*0«, 1) = k-p, Homc(l, = k-q, 

and pq = idj = 1 G k. Since i is a simple object, ev^ is a basis of Homc(j* (E) i, 1) 
and c'oevi is a basis of Homc(l, i* Therefore ev^ = \ p and coevi = /xg for some 
invertible A,/i S k. Hence dim;(i) — evicoevi = A/ipg = \^ is invertible. Since i* is 
simple, dimr(i) = dim/(i*) is invertible. This proves Claim (b). □ 

For spherical C, we can consider the invariant Fc of C-colored graphs in , see 
Section 15751 The following lemma provides useful local relations for Fg. 

Lemma 4.2. Let C be a spherical pre-fusion category and let I be a representative 
set of simple objects ofC. 



(a) For any i,j G /, 



(b) For any i, j € / 




= Si J Fc 



(c) 



<5,,,(dim(z))-i Fc| .-rp 



dim(z) 




(d) 



Fc 




In (b) and (d) the empty rectangles stand for pieces of C-colored graphs sitting 
inside the rectangles. The same C-colored graphs appear on both sides of the 
equalities. The relations (a) and (b) can be applied only when there are other 
vertices (not shown in the picture) on the single strand on the right-hand side. 
For the definition of *u,v in (c), (d), see Section [XTl here the duality between the 
vertices u and v is induced by the symmetry with respect to a horizontal line. Note 
that for any choice of colors of the strands on the left-hand side of (c), the sum on 
the right-hand side has only a finite number of non-zero terms. 

Proof. Claims (a) and (b) follow from the equalities Homc(i, j) ~ for i j and 
/ = (dim(z))~^ tr(/) idi for any / e Endc(i)- Claim (d) follows from (c) since 
Homc(l,i) = for « 7^ 1. Let us prove (c). Let S = {{Xi,ei), . . . , (X„,£„)) be the 
tuple of signed objects of C determined by the strands on the left-hand side of (c) . 
Let X — Xs S Ob(C) be defined by Formula Let {pa : X ^ ia,qa- ia ^ X)a£A 
be an /-partition of X. For i G /, set A* = {a G A | = i} and denote by Si the 
(n -I- l)-tuple of signed objects {i, —)S. The families 

(cq = (idx* ® Pa) coevx)aeA- and (/„ = (id^. (g) qa) coevj)„gA' 
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are bases of the modules Honic(l, X* ® i) and Honic(l, i* X) = Honic(l, Xs^), 
respectively. Recall the isomorphism ips* '■ Xg ^ X* defined in the proof 

of Lemma [^31 Then (e^ = {ipg} <8> idi)(eQ,))c,gA» is a basis of Homc(l, Xs' i) = 
Homc(l,Xs*). Recall from Section the evaluation form 

U! ^ ujs,- Homc(l,Xs*) ® Homc(l, ^ k. 

A direct computation gives w(e^ (g) /^) = (5a_^ dim(i) for all a, /3 G A*. The inverse 
of a; is the tensor (dim(i))^^ SaGA' ^ ^'a written shortly as fi^ ® fi-. We have 



E 



dim(i) 



EV9 



n' 




This formula and the definition of the contraction maps imply (c). □ 

4.2. Fusion categories. By a fusion category, we mean a pre-fusion category C 
such that the set of isomorphism classes of simple objects of C is finite. A standard 
example of a fusion category is the category of finite rank representations (over k) 
of a finite group whose order is relatively prime to the characteristic of k. The 
category of representations of an involutory finite dimensional Hopf algebra over a 
field of characteristic zero is a fusion category. For more examples, see [ENOj . 

A representative set / of simple objects of a fusion category C is finite. The 
following sum does not depend on the choice of / and is called the dimension of C: 

dim(C) — dimi(i) dimr(i) G k. 

By |ENO| ■ if k is an algebraically closed field of characteristic zero, then dim(C) 7^ 0. 
For spherical C, we have dim(C) — X]ie/('^™(*)) 



2 



Lemma 4.3. Let I a representative set of simple objects of a spherical fusion 
category C. Then for all X,Y d Ob(C), 

(8) 'l™^^) dini(0^i»fe»y®i - dim(A) dim(r) dim(C) 
and 

(9) dim(fc)dim(/)iV;^,^,.^; = (dim(C))^ 



Proof. We have 



E dini(fc) dim(0A^i(5fc(3y55i = ^ dim(fc) ^ dim(r)7Vj^g5fc55^ 
k,iei kei lei 



= Y dim(fc) Y dim(m)iV™^fe^^ = ^ dim(fc) dim(A (g)k(S>Y) 
kei mei kei 

= dim{X) dim(y) ^(dim(fc))2 = dim(X) dim(r) dim(C). 



kei 

Formula © is a direct consequence of ([5]). □ 

4.3. The opposite category. Each monoidal category C determines the oppo- 
site monoidal category C°p by reversing all the arrows (and keeping the tensor 
product and the unit object). If C is pivotal with the evaluation/coevaluation 
morphisms {evx, coevjsf, evjc , coevx}xGOb(C)j then C°p is pivotal with the evalua- 
tion/coevaluation morphisms 

op - — ^ op — — op op 

ev^ = coevx, coevj^ = evx, ~ coevx, coevj^ — evx, 
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where X e Ob(C°P) — Ob(C). If C is a monoidal k-category (respectively, a spher- 
ical k-category, a pre- fusion category, a fusion category), then so is C°p. 



In this section, we derive a topological invariant of closed oriented 3-manifolds 
from a spherical fusion category. 

5.1. Preliminaries on triangulated 3-manifolds. Let M be a 3-manifold (with- 
out boundary). Let t be a triangulation of M. The simplices of t of dimension 0, 
1, 2, 3 are called respectively vertices, edges, faces, and tetrahedra. For a vertex x 
of t, the union of all simplices of t incident to x (i.e., containing x) is a closed 3-ball 
B C M. The simplices of t lying in dB form a triangulation of dB. Let F C dB 
be the 1-skeleton of this triangulation, i.e., the union of vertices and edges of t 
contained in dB. The pair {dB,T) is called the link of x in {M,t). 

The link of x can be visualized in a small neighborhood of x. Pick a (small) 
closed 3-ball B^ C M centered at x such that B^ meets every simplex of t incident 
to X along a concentric subsimplex with vertex x. The link of x can be identified 
with the pair (9_B^, F^;), where F^ is the intersection of dB^ with the 2-skeleton i^^^ 
of t (formed by the simplices of t of dimension < 2). The vertices (resp. edges) 
of Fx are the intersections of dB^ with the edges (resp. faces) of t incident to x. 

In the sequel, the set of all faces of t is denoted by Reg(t). By an orientation of 
the 2-skeleton i^^^^ of t, we mean a choice of orientation in all faces of t (we impose 
no compatibility conditions on these orientations of faces) . 

5.2. Invariants of 3-manifolds. Let C be a spherical fusion category over k whose 
dimension is invertible in k. Fix a (finite) representative set / of simple objects of C 
For each closed oriented 3-manifold M, we define a topological invariant \AI\c £ k. 

Pick a triangulation t of M with oriented 2-skeleton and a map c: Reg(t) — > /. 
For each oriented edge e of t, we define a k- module Hc{e) as follows. The orienta- 
tions of e and M determine a positive direction on a small loop in M encircling e; 
this direction determines a cyclic order on the set te of all faces of t containing e. 
To each face r e we assign the object c(r) G I and a sign equal to -I- if the 
orientations of r and e are compatible and to — otherwise. (The orientations of r 
and e are compatible if each pair (a tangent vector directed outward r at a point 
of e, a positive tangent vector of e) is positively oriented in r.) In this way, te 
becomes a cyclic C-set. Set iJc(e) — H{te). If e°P is the same edge with opposite 
orientation, then ie°p = {te)°^- This induces a duality between the modules Hc{e), 
Hc{e°P) and a contraction *e : Hc{e°P)* 7Jc(e)* -5> k, see SectionHH Note that 
the contractions *e and *eop are equal up to permutation of the tensor factors. 

Consider the link (dB^jT^) of a vertex x of t. Every edge a of F^: lies in a 
face Tq, of t incident to x. We color a with c{ra) G / and endow a with the 
orientation induced by that of \ hit{Bx). In this way, F^^ becomes a C-colored 
graph in dB^- We identify dB^ with the standard 2-sphere 5*^ via an orientation 
preserving homeomorphism, where the orientation of dB^ is induced by that of M 
restricted to M\liit{Bx). Then H(rx) — ®e£t^Hc{e), where is the set of all edges 
of t incident to x and oriented away from x. Section [3?3l gives ^cij^x) & HiTx)*- 
The tensor product ®x^c(rx) over all vertices a; of t is a vector in ®eHc{e)*, 
where e runs over all oriented edges of t. The contractions *e apply to different 
tensor factors, and their tensor product *t = ®e*e is a map ®e Hc{e)* —> k. Set 



5. State sums on triangulated 3-manifolds 



(10) lM|c = (dim(C))-l*l ^ W dimc(r) Ut(®,Fc(F,))6t 
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where \t\ is the number of tetrahedra of t and c runs over all maps Reg(t) — ?> /. 
The following theorem will be proved in Section [T] 

Theorem 5.1. \M\c is a topological invariant of M (independent of the choice oft 
and of the orientation oft^"^^). This invariant does not depend on the choice of I . 

It is clear from the definitions that jMIIiVjc = \M\c \N\c for any oriented closed 
3-manifolds M,N. One can show that | - M\c = \M\cop, where -M is M with 
opposite orientation. We prove below that \S^\c = (dim(C))^^ and \S^ x 5^|c — 1- 

The invariant \M\c can be viewed as a state sum (or a partition function) on t 
as follows. Provide all symmetrized multiplicity modules in C with distinguished 
bases. By states on t, we mean pairs consisting of a map c: Reg(t) / and a 
choice of a basis vector bc{e) € Hc{e) for every oriented edge e of t. Let b*{e) 
be the corresponding vector in the basis of Hc{e)* dual to the distinguished basis 
of He (e) . The Boltzmann weight associated with such a state is the product of the 
factors Fc(r,)(®eGt.6c(e)), *e(&J(e°P), &*(e)) = *eop (&;(e), &J (e°P)), dimc(r), and 
(dim(C))~^ contributed respectively by the vertices, edges, faces, and tetrahedra 
of t. The invariant \M\c is the sum of these Boltzmann weights over all states on t. 
This state sum differs from the one in |TVj . |BWlj . where the states are labelings 
of the edges of t with elements of / and the key factor in the Boltzmann weight is a 
6j-symbol contributed by every tetrahedron. It is non-obvious but true that these 
two state sums are equal, see Section [6] In particular, our invariant \M\c is equal 
to the invariant of M defined by Barrett and Westbury jBWl] . 

5.3. Remark. We say that a triangulated surface S is I -colored if every edge of E 
is oriented and endowed with an element of /. In other words, E is /-colored if its 1- 
skeleton E^^^^ is a C-colored graph in E with colors of all edges being in /. For such E, 
we can consider the k-module i/c(E) = _ff (E^^^) = ®x -ffxlE'^-*), where x runs over 
all vertices of E. The state sum pUj) extends to compact oriented 3-manifolds M 
with /-colored triangulated boundary and gives a vector \M\c G Hc{dM)* . These 
vectors can be used to define a 3-dimensional TQFT. We will discuss a more general 
construction in Section [9] 

6. State sums on skeletons of 3-manifolds 

We compute \M\c as a state sum on any skeleton of M . This generalizes the state 
sums of Section [S] and of |TV) . [BWlj . We begin with topological preliminaries. 

6.1. Stratified 2-polyhedra. By a 2-polyhedron, we mean a compact topological 
space that can be triangulated using only simplices of dimension < 2. For a 2- 
polyhedron P, denote by Int(P) the subspace of P consisting of all points having a 
neighborhood homeomorphic to R^. Clearly, Int(P) is an (open) 2-manifold without 
boundary. By an arc in P, we mean the image of a path a: [0, 1] — ?> P which is 
an embedding except that possibly q;(0) — a{l). (Thus, arcs may be loops.) The 
points a(0), a{l) are the endpoints and the set a((0, 1)) is the interior of the arc. 

To work with polyhedra, we will use the language of stratifications as follows. 
Consider a 2-polyhedron P endowed with a finite set of arcs E such that 

(a) different arcs in E may meet only at their endpoints; 

(b) P \ UegB e C Int(P) and P \ Ueg^ e is dense in P. 

The arcs of E are called edges of P and their endpoints are called vertices of P. 
The vertices and edges of P form a graph P'^^ = ^eeE e. Since all vertices of P 
are endpoints of the edges, P*^^^ has no isolated vertices. Cutting P along P'^\ 
we obtain a compact surface P with interior P \ P^^^. The polyhedron P can be 
recovered by gluing P to P*^^^ along a map p : dP P(i). Condition (b) ensures the 
surjectivity of p. We call the pair (P, E) (or, shorter, P) a stratified 2-polyhedron if 
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the set p ^(the set of vertices of P) is finite and each component of the complement 
of this set in dP is mapped homeomorphically onto the interior of an edge of P. 

A 2-polyhedron P can be stratified if and only if Int(P) is dense in P. For such 
a P, the edges of any triangulation form a stratification. Another example: a closed 
surface with an empty set of edges is a stratified 2-polyhedron. 

For a stratified 2-polyhedron P, the connected components of P are called regions 
of P. Clearly, the set Reg(P) of the regions of P is finite. For a vertex x of P, 
a branch of P at a; is a germ at a; of a region of P adjacent to x. (Formally, the 
branches of P at x can be defined as paths 7: [0, 1] — > P such that 7(0) = x and 
7((0, 1]) C P\P'^^\ considered up to homotopy in the class of such paths.) The set 
of branches of P at a; is finite and non-empty. The branches of P at a; bijectively 
correspond to the elements of the set p~^{x), where p: dP P^^-' is the map above. 
Similarly, for an edge e of P, a branch of P at e is a germ at e of a region of P 
adjacent to e. (A formal definition proceeds in terms of paths 7: [0, 1] — ?• P such 
that 7(0) lies in the interior of e and 7((0, 1]) C P\P*^^^) The set of branches of P 
at e is denoted Pe- This set is finite and non-empty. There is a natural bijection 
between Pe and the set of connected components of (interior of e). The number 
of elements of Pe is the valence of e. The edges of P of valence 1 and their vertices 
form a graph called the boundary of P and denoted dP. We say that P is orientable 
(resp. oriented) if all regions of P are orientable (resp. oriented). 

6.2. Skeletons of closed 3-manifolds. A skeleton of a closed 3-manifold M is an 
oriented stratified 2-polyhedron P C M such that dP = ^ and Af \ P is a disjoint 
union of open 3-balls. An example of a skeleton of M is provided by the (oriented) 
2-skeleton t*^^^ of a triangulation t of M, where the edges of t*^^-* are the edges of t. 

Any vertex x of a skeleton P C M has a closed ball neighborhood C M such 
that Tx ~ PndBx is a finite non-empty graph and PHB^ is the cone over F^^. The 
vertices of F^; are the intersections of dB^ with the half-edges of P incident to a;; the 
edges of F^; are the intersections of dB^ with the branches of P at x. The condition 
dP — implies that every vertex of F^; is incident to at least two half-edges of F^.. 
The pair {dBx:,Tx) is determined by the triple {M,P,x) up to homeomorphism. 
This pair is the link of x in {M,P). If M is oriented, then we endow dB^ with 
orientation induced by that of M restricted to M\lnt{Bx)- Then the link {dB^, T^) 
of X is determined by (M, P, x) up to orientation preserving homeomorphism. 

6.3. Computation of \M\c. Let C and / be as in Section and let M be a closed 
oriented 3-manifold. We compute \M\c G k as a state sum on any skeleton P of M. 
For a map c: Reg(P) — / and an oriented edge e of P, we define a k-module 
Hc{e) — H{Pe), where Pg is the set of branches of P at e turned into a cyclic C- set 
as te in Section 15.21 Here by the c-color of a branch 6 e Pg , we mean the c-color 
of the region of P containing b. If e°P is the same edge with opposite orientation, 
then Peop = (Pe)°P. This induces a duality between the modules i?c(e), Hc{e°P) 
and a contraction *e - Hc{e)* ® Hc{e°^)* k. 

As in Section 15.21 the link of a vertex a; £ P determines a C-colored graph F^, in 
dBx — S^. An example of F^, is given in Figure 2; note that since the orientation 
of dBx is induced by that of M restricted to M \ Int(Pa;), the identification of dB^ 
with the standard 2-sphere 5^ = U {00} (oriented counterclockwise) requires in 
this example a mirror reflection. 

Section [Qvields a tensor fci^x) e HdT^)*. By definition, HdTx) = (8)e Hc{e), 
where e runs over all edges of P incident to x and oriented away from x (an edge with 
both endpoints in x appears in this tensor product twice with opposite orientations) . 
The tensor product ^ci^x) over all vertices a; of P is a vector in (S^e Hc{e)* , where 
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Figure 2. The graph C associated with a vertex x 



e runs over all oriented edges of P. Set *p = (S)e*e- Hc{e)* -4 k. The following 
theorem will be proved in Section [71 

Theorem 6.1. For any skeleton P of M , 

(11) |M|c = (dim(C))-l^l^ I n (dimc(r))xW j *p(0,Fc(F,)) Gk, 

c \reRog(P) / 

where \P\ is the number of components of M\P , c runs over all maps Reg(P) — >■ /, 
and x{'^) *'5 ihe Euler characteristic of r. 

Formula (|T0)) is a special case of (jlll) for the oriented 2-skeleton P — i^^^ of a 
triangulation t of M . When P is the oriented 2-skeleton of the cellular subdivision 
of M dual to t and the orientation of P is induced by that of M and a total 
order on the set of vertices of i, Formula ([TT|) is equivalent to the Turaev-Viro- 
Barrett-Westbury state sum on t. Theorem 16.11 implies that our definition of \M\c 
is equivalent to the one in (BWll . 

We illustrate Theorem 16.11 with two examples. An oriented 2-sphere embedded 
in is a skeleton of with void set of edges and vertices and one region. For- 
mula (dll) gives \S^\c = (dim(C))-2^^g^(dim(i))2 = (dim(C))-i. Pick a point 
X g 5^ and a circle £ C S^. The set P = {{x} x S^) U (S^ x i) is a skeleton of 

X with one edge {x} x i viewed as a loop; the orientation of the three regions 
of P is arbitrary. Formulas ^ and (ITU give x S^\c = 1. 

7. Moves on skeletons and proof of Theorems 5.1 and 6.1 

The proof of Theorems 15.11 and 16.11 given at the end of the section is based on a 
study of transformations of skeletons of a closed 3-manifold M. 

7.1. Moves on skeletons. The symbols ^v, #e, #r will denote the number of 
vertices, edges, and regions of a skeleton of A/, respectively. We define four moves 
Ti — T4 on a skeleton P of M transforming P into a new skeleton of M, see FigurelHl 
The "phantom edge move" Ti keeps P as a polyhedron and adds one new edge 
connecting distinct vertices of P (this edge is an arc in P meeting P^^^^ solely at 
its endpoints and has the valence 2). This move preserves increases #e by 1, 
and either preserves #r or increases #r by 1. The "contraction move" T2 collapses 
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into a point an edge e of P with distinct endpoints. This move is ahowed only 
when at least one endpoint of e is the endpoint of some other edge. The move T2 
decreases both and #e by 1 and preserves #r. The "percolation move" 
pushes a branch b oi P through a vertex x of P. The branch b is pushed across a 
small disk D lying in another branch of P at a; so that DnP(i) = dDnP'^^^ = {x} 
and both these branches are adjacent to the same component of M \ P. This move 
preserves #u and increases both #e and #r by 1. The "bubble move" T4 adds 
to P an embedded disk D+ C M such that D+ n P = dD+ C P \ P^^\ the circle 
dD+ bounds a disk £)_ in P \ P^^\ and the 2-sphere Dj^ U D_ bounds a ball 
in M meeting P precisely along A point of the circle dD+ is chosen as a 

vertex and the circle itself is viewed as an edge of the resulting skeleton. This move 
increases #ti and #e by 1 and #r by 2. 




Figure 3. Local moves on skeletons 

The orientation of the skeletons produced by the moves Ti —T4 on P is induced 
by the orientation of P except for the small disk regions created by T^, T4 whose 
orientation is chosen arbitrarily. 

The moves Ti — T4 have obvious inverses. The move T^^ deletes a 2-valent 
edge e with distinct endpoints; this move is allowed only when both endpoints 
of e are endpoints of some other edges and the orientations on both sides of e are 
compatible. We call the moves Ti — T4 and their inverses primary moves. In the 
sequel, we tacitly assume the right to use ambient isotopies of skeletons in M. In 
other words, ambient isotopies are treated as primary moves. 

Lemma 7.1. Any two skeletons of M can be related by primary moves. 

We will prove this lemma in Section 17.41 using the definitions and results of the 
next two subsections. 

7.2. Further moves. We introduce several additional moves on skeletons of M. 
We begin with two versions and T4' of the bubble move, see Figure SI The 
move T4 adds to a skeleton P an embedded disk £)+ as in T4 with the only difference 
that the circle dD+ meets P*^^^ in a single point x and bounds a disk in a region r 
of P. The move can be expanded as a product of primary moves as follows. 
First, if X is not a vertex of P, then turn x into a vertex by T2 . Then glue a disk 
to r by T4. After that, Ti adds an edge in r connecting x to the vertex on this 
circle, and finally T2 collapses this edge to a point. This gives Tl{P). 

The move r4' transforms P into P U D+ , where Z)+ is a disk in a small neigh- 
borhood of a point of an edge e of P such that £>+ n P = dD+ and the set dD+ n e 
consists of 2 points. Under this move, e splits into 3 subedges ei, 62, 63 numerated 
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SO that de2 — n e. We construct a sequence of primary moves turning P U 13+ 
into P. First, T2 collapses 62 to a point, then Tg"^ pushes to one region. The 
resulting skeleton is T^{P); by the above it can be transformed into P by primary 
moves. The inverse sequence of moves transforms P into P U Z3+. Thus, T^' is a 
composition of primary moves. 




Figure 4. The moves T4 and 



For any non- negative integers m, rt with m + n > 1, we define a move on skeletons 
T™'", see Figure [HI This move is sometimes called am+l^-n + 1 move for the 
numbers of vertices in the picture before and after the move. The move T™'" 
preserves orientation in all "big" regions; the orientation in the small triangular 
regions created or destroyed by T™'" may be arbitrary. In the case n = 0, this move 
is allowed only when the orientations of the top and bottom regions on the left are 
compatible. The move inverse to T™-" is 7^"'™. Note that T™'" is a composition 
of primary moves. To see this, split T™'" as a product of a move T(") and the 
inverse of T^") as shown in Figure [5j The move T^™) is obtained by applying m 
times the move T2 to collapse the edges in the m — 1 small triangles on the left to 
the vertex x and then applying Tg"^ to the vertical branch m — 1 times to remove 
the loops at x resulting from the third edges of these triangles. 




Figure 5. The move T™' 



7.3. Special skeletons. We briefly recall the theory of special skeletons due to 
Casler, Matveev, and Piergallini (see, for example. Chapter 1 of |Mat| ). A special 
2-polyhedron Q is a compact 2-polyhedron such that: all components of Int(Q) 
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are open 2-disks, Q \ hit{Q) has no circle components, and every point of Q has a 
neighborhood homeomorphic to an open subset of the set 

(12) {(xi, X2, X3) e IR"^ I a;3 = 0, ora;i = andx^ > 0, or 2:2 = andxz < 0}. 

Then Q \ Int(Q) is a graph with only 4-valent vertices. The edges of this graph 
yield a canonical stratification of Q; this turns Q into a stratified 2-polyhedron. All 
edges of Q have valence 3 and all vertices of Q are adjacent to 6 branches. Since 
all regions of Q are disks, Q is orientable. 

A special skeleton or shorter an s-skeleton of a closed 3-manifold M is an oriented 
special 2-polyhedron Q C M such that M \ Q is a disjoint union of open 3-balls. 
Any s-skeleton of M is a skeleton of M in the sense of Section [^?^ For example, the 
2-skeleton of the cellular subdivision of M dual to a triangulation is an s-skeleton 
of M (the regions are provided with arbitrary orientation). 

Lemma 7.2. Any skeleton P of M can be transformed by the primary moves into 
a special skeleton. 

Proof. The transformation proceeds in five steps. 

Step 1 . Adding if necessary new edges by Ti , we can ensure that all regions of P 
are disks. This condition will be preserved through the rest of the construction. 

Step 2. Let e be an edge of P of valence 2. We apply T" at a point of e. Let 
6X162,63 be the subedges of e as in the definition of T^'. Delete 62 via Tj~^ and 
contract both ei and 63 via T2 (the orientation of the small disks created by T4' 
should be chosen so that T^^ can be applied). The resulting skeleton has one 2- 
valent edge less and two new trivalent edges. Continuing by induction, we obtain 
a skeleton, still denoted P, whose all edges have valence > 3. 

Step 3. If P has an edge e of valence n > 4, then apply Tj"^ to add a new 
vertex x inside e. This splits e into two subedges ei and 62. Next apply T3 pushing 
one of the branches of P at a; across a small disk D lying in an adjacent branch 
and touching e at x. This move creates a trivalent edge dD and keeps all the other 
edges. Then apply Tj"^ to insert a new edge 6+ between ei and 62. The valence 
of e+ is n — 1. Finally, apply T2 twice to contract ei and 62. The resulting skeleton 
differs from the original one in that the edge e is replaced with a trivalent edge 
and an (n — l)-valent edge. Continuing by induction, we obtain a skeleton, still 
denoted P, whose all edges are trivalent. 

Step 4. Let (dBxjTx) be the link of a vertex x G P. If the graph F,,; is dis- 
connected, then we modify P near x as follows. Pick two edges ai, of T^. lying 
on different components of F^; and adjacent to the same component of dB^. \ F^,. 
Let bi be the branch of P at x containing a, and let u;, Vi be the endpoints of 
for i = 1,2 (possibly, Ui = Vi). The branches &i, 62 are adjacent to the same 
component X oi M\P. Apply T4 adding to P a disk so that x G dD^ C bi 
and Int(i)-i-) C X. Then apply r3 to push D+ through x into 62- In the new 
position, the circle dD+ is formed by a loop in 61 and a loop in 62, both based 
at X. The graph F^; is modified under this transformation as follows: one deletes 
the edges ax,a2 and adds a quadrilateral (formed by 4 vertices and 4 edges) and 
also 4 additional edges connecting the vertices of the quadrilateral to ui,vi,U2,V2, 
respectively. The resulting graph has one component less than Tx. Continuing by 
induction, we obtain a skeleton, still denoted P, such that the link graphs of all 
vertices of P are connected. 

Step 5. At the previous steps we transformed the original skeleton into a skele- 
ton P such that all regions are disks, all edges are trivalent, and the link graphs of all 
vertices are connected. Since all edges of P are trivalent, P^^^ nlnt(P) = 0. By the 
definition of a stratified 2-polyhedron, P \ p(i) C Int(P). Thus, Int(P) = P \ P^^) 
is a disjoint union of open disks. 
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We call a vertex x of P standard if there is a homeomorphism of a neighborhood 
of X in P onto the set (TT^ carrying x into the point (0, 0, 0). If all vertices of P are 
standard, then all points of P have neighborhoods homeomorphic to an open subset 
of (|T2]) . and the graph P^'^'' = P\Int(P) has no circle components (every component 
of P(i) contains a vertex of P and all vertices are incident to 4 half-edges) . In this 
case, P is an s-skeleton. 

If a vertex a; G P is non-standard, then we "blow up" P in a neighborhood of x 
as follows. Let B = C M be a small (closed) ball neighborhood of x such that 
P n i? is the cone over — P ^ dB. The connected trivalent graph splits the 
2-sphere dB into 2-disks. Set 

P' = {P\ Int(B)) U dB. 

The 2-polyhedron P' has the same edges and vertices as P except that all edges 
incident to x are cut near x, the vertex x is deleted, and the edges and vertices 
of Tx are added. This turns P' into a stratified 2-polyhedron. The set M \ P' is 
a disjoint union of M \ P and an open 3-ball. We provide the regions of P' lying 
in P with the induced orientation and orient the regions of P' lying in dB in an 
arbitrary way. This turn P' into a skeleton of M . Since all edges of P are trivalent, 
the graph is trivalent, i.e., every vertex of F^; is incident to three half-edges of F^;. 
Therefore all new vertices of P' are standard. Below we construct a sequence of 
primary moves P' — >■ P. The inverse sequence transforms P in P'. Blowing up P 
at all non-standard vertices, we transform P into an s-skeleton. 

To construct a sequence of primary moves P' ^ P, pick a maximal tree in 
Fa; C (P')^^-* and collapse it to a point by several T2-moves. This gives a new 
skeleton P" of M. The edges of P" lying in dB are trivalent loops forming a wedge 
of n > 1 circles based at a point y G dB. At least one of these loops, S, bounds 
a disk D C dB in the complement of the other loops. Let b C dB \ lnt{D) be the 
region of P" adjacent to S from the exterior, and let b' C {M — B) U S he the 
third region of P" adjacent to 5. If n > 2, then applying T^^ to b at the vertex y 
of P", we change the way in which b is glued to the rest of P" so that db does not 
pass along S anymore. Under this move, the region D of P" unites with b' . After 
the move, the regions of P" n dB distinct from D form a 2-sphere meeting the rest 
of the skeleton along a wedge of n — 1 loops. Continuing by induction we reduce 
ourselves to the case n = 1. In this case, apply (^4)"^ once. This gives a skeleton 
isotopic to P. □ 

7.4. Proof of Lemma 17.11 In view of Lemma 17. 2[ we need only to prove that 
any two s-skeletons of M can be related by primary moves. By MP-moves on s- 
skeletons (for Matveev and Piergallini), we mean the moves T^'^, T^'^ = (T^^^)"^, 
and (P^')^^, see Figure |6] for T^'^. All MP-moves transform s-skeletons into s- 
skeletons and are compositions of primary moves. Therefore it is enough to show 
that any two s-skeletons of M are related by MP-moves. Applying if necessary T'^ , 
we can ensure that given s-skeletons have > 2 vertices, and that their complements 
in M consist of the same number of open 3-balls. By Theorem 1.2.5 of [Mat], the 
special 2-polyhedra underlying these s-skeletons can be related by a finite sequence 
of moves T^'^, T^'^. This implies our claim up to the choice of orientation of the 
regions. The latter indeterminacy can be eliminated because for any region r of an 
s-skeleton P, there is a sequence of MP-moves transforming P into P_ , where P_ 
is P with opposite orientation in r and the same orientation in all other regions. 
Indeed, the branches of P adjacent to the sides of r form a cylinder neighborhood 
of 9r in P — Int(r). Pushing r in a normal direction so that dr sweeps half of this 
cylinder, we obtain a solid cylinder r x [0, 1] C M meeting P at r U {dr x [0, 1]), 
where r ^ r x {0}. Set r' = r x {!}. Then P' = PUr' is an s-skeleton of M, where 



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 



21 



the regions of P' contained in P receive the induced orientation and the orientation 
of the region r' is opposite to that of r. We can transform P' into P by MP-moves 
pushing dr' inside r and eventually eliminating r' . This transformation involves 
one move T^'^, several moves T^'^, and one move {Tl')~^ at the end. A similar 
elimination of r from P' gives P_. Hence P and P_ are related by MP-moves. 




Figure 6. The move T^^i 



7.5. Proof of Theorems 15.11 and 16.11 The state sum \M\c does not depend on 
the choice of the representative set / by the naturality of Fc and of the contraction 
maps. By Lemma [731 to prove the rest of the theorems, we need only to prove the 
invariance of the right-hand side of Formula ([TIT) under the moves Ti — T4 on P. 

The move P ^ P' involves two distinct vertices of P and modifies their link 
graphs by adding a new vertex u (respectively, v) inside an edge. The colorings 
of P' assigning different colors to the regions of P' lying on different sides of the 
new edge contribute zero to the state sum by Lemma I4.2f a) (there are no such 
colorings if these regions coincide). The colorings of P' assigning the same color 
« S / to these regions contribute the same as the colorings of P assigning i to the 
region of P containing the new edge: 
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Here the first equality follows from Lemma E^Jd) and the second equality can be 
deduced from this lemma or proved directly using that Homc(« i*,l) = kev^ 
and Homc(l, i ® i*) = kcoev^. The factor dim(i) on the right-hand side of is 
compensated by the change in the Euler characteristics of the regions. 

The invariance under T2 follows from Lemma I4.2f d'). The invariance under T3 
follows from Lemma I4.2f c) with two vertical strands on the left-hand side. Here 
i G I is the color of the disk region created by the move. The invariance under T4 
follows from Lemma 14.31 Here i G / is the color of the big region where the move 
proceeds and k,l ^ I are the colors of the small disks created by the move. The 
factor dim(i) dim(C) is compensated by the change in the number of components of 
M \P and in the Euler characteristic. We use the equality *e(Fc(rj>)) = ^mmi^ 
where e and v are respectively the edge and the vertex forming the boundary of 
the small disks. 

7.6. Remarks. 1. The right-hand side of Formula ([TT]) is the product of (dim(C))~l^l 
and a certain sum which we denote Sc (P) ■ The definition of Sc (P) G k does not use 
the assumption that dim(C) is invertible in k and applies to an arbitrary spherical 
fusion category C. This allows us to generalize the invariant \M\c of a closed con- 
nected oriented 3- manifold M to any such C. Let us call a special skeleton P C M 
an s-spine if M \ P is an open ball and P has at least two vertices. By [Mat] . M 
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has an s-spine P and any two s-spines of M can be related by the moves T^'^, T^'^ 
in the class of s-spines. The arguments above imply that Sc(P) is preserved under 
these moves. Therefore ||M||c ~ Y,c{P) is a topological invariant of M. If dim(C) 
is invertible, then \ \M\\c = dim(C) |Af|c. 

2. A stratified 2-polyhedron P' is a subdivision of a stratified 2-polyhedron P if 
they have the same underlying 2-polyhedron, all vertices of P are among the vertices 
of P', and all edges of P are unions of edges of P'. Then P' \ C P \ P^^^ 

and therefore an orientation of P induces an orientation of P'. If P is a skeleton of 
a closed 3-manifold M, then any subdivision P' of P is also a skeleton of M. As 
an exercise, the reader may relate P and P' by the moves Pj^^, P^^^- 

8. Skeletons in the relative case 

We study skeletons of 3-manifolds with boundary and their transformations. 

8.1. Skeletons of pairs. Let M be a compact 3-manifold (with boundary). Let G 
be an oriented graph in dM such that all vertices of G have valence > 2. (A graph 
is oriented, if all its edges are oriented.) A skeleton of the pair {M, G) is an oriented 
stratified 2-polyhedron P d M such that 

(i) PndM^dP^G; 

(ii) every vertex u of G is an endpoint of a unique edge dy of P not contained 
in dM; moreover, d^ D dM — {v} and d^ is not a loop; 

(iii) every edge a of G is an edge of P of valence 1; the only region Da of P 
adjacent to a is a closed 2-disk, Da H dM = a, and the orientation of Da is 
compatible with that of a (see Section for compatibility of orientations) ; 

(iv) M \ P is a disjoint union of a finite collection of open 3-balls and a 3- 
manifold homeomorphic to (dM \ G) x [0,1) through a homeomorphism 
extending the identity map 

(14) d{M\P)^dM\G^{dM\G)x{0}. 

Conditions (i)-(iii) imply that in a neighborhood of dM, a skeleton of (M, G) is a 
copy of G X [0, 1]. The primary moves T^^ — T^^ on skeletons of closed 3-manifolds 
extend to skeletons P of (M, G) in the obvious way. These moves (and all other 
moves on skeletons considered below) keep dP — G and preserve the skeletons in a 
neighborhood of their boundary G. In particular, the move Ti adds an edge with 
both endpoints in Int(M), the move Pj collapses an edge contained in Int(M), etc. 
Ambient isotopies of skeletons in M keeping the boundary pointwise are also viewed 
as primary moves. 

Lemma 8.1. Every pair (a compact orientable 3-manifold M , an oriented graph G 
in dM such that all vertices of G have valence > 2) has a skeleton. Any two 
skeletons of (M, G) can he related by primary moves in M . 

We prove this lemma in Section l5751 using the results of Section lST^ and the theory 
of special skeletons which we briefly outline. Suppose that the graph G C dM is 
trivalent, i.e., all its vertices have valency 3 (possibly, G = 0). A skeleton P of 
{M, G) is special or an s-skeleton if all regions of P are 2-disks, all edges of P are 
trivalent, all vertices of P are incident to 4 half-edges, and every point of P \ G 
has a neighborhood in P homeomorphic to an open subset of the set (IT^ . As 
in the proof of Lemma 17.21 we can transform any skeleton P of {M, G) into an 
s-skeleton by primary moves applied away from dP = G. By [TV], Corollary 6.4.C, 
any two s-skeletons of {M, G) can be related by MP-moves and lune moves applied 
away from G. The MP-moves on s-skeletons of (M, G) are defined as in Section [7^ 
and the lune moves are shown in Figure [71 These moves on s-skeletons are 
allowed here only when they produce s-skeletons (this is always the case for the 
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MP-moves and C) and preserve the orientation of the regions. In particular, the 
move C^^ is ahowed only when the orientations of two regions united by this move 
are compatible and the union of these regions is a 2-disk. The orientation of the 
small disk regions destroyed or created by the MP-moves and C^^ rnay be arbitrary. 
Note that Corollary 6.4. C of |TV) does not handle orientations of the skeletons 
but remains true in the oriented setting: the indeterminacy in the choice of the 
orientation of the regions can be resolved as in Section [731 




Figure 7. The lune moves C 



8.2. Skeletons and frames. Fix a compact 3-manifold M . We assume that M is 
oriented and endow dM with the induced orientation. 

A skeleton of M is a skeleton of the pair (Af, 0) in the sense of Section 18.11 
(For closed M, this notion is the same as in Section A skeleton Q of M is 

a frame if there is an embedding i : dM x [0, 1] — >■ M extending the identification 
dM X {0} = dM such that 

Q n i{dM X [0, 1]) = i{dM x {1}), 

and the orientation of the regions of Q contained in i{dM x {1}) is induced by 
that of dM via i. Such an embedding i is called a Q- collar. By the definition of a 
skeleton, all components of M \ (Q U i{dM x [0, 1])) are open 3-balls. 

Not all skeletons of M are frames. We illustrate this claim with an example. 
Consider an unknotted torus T = 5*^ x S*^ in a closed 3-ball B and add to T two 
disks in B lying on different sides of T and bounded by the loops x {s} and 
{s} X S"^, where s Q S^. For any orientation of the regions, the resulting oriented 
2-polyhedron is a skeleton of B but not a frame. 

For a skeleton Q C Int(Af ) of M, denote by Q the union of Q with all open ball 
components of M \ Q. The skeleton Q is a frame if and only if Q is a 3-manifold 
with boundary and the orientation of all regions of Q contained in dQ is induced by 
the orientation of M restricted to Q. The surface — dQ C Q is homeomorphic 
to dM and equal to i{dM x {1}) for any Q-collar i. A local analysis shows that 
any edge of Q meeting (5+ either lies in or meets in one or two endpoints. 
Every vertex of Q lying in Q+ is incident to at least one edge of Q lying in Q+. 
Therefore the set Q"*" n Q^^^ is a graph whose edges and vertices are the edges and 
vertices of Q lying in . (Recall that Q^^^ is the union of edges of Q.) 

By primary moves on a frame Q oi M , we mean the primary moves on skeletons 
T^^ — T^^ applied inside M at vertices of Q not lying in or at edges of Q 
disjoint from (5+. Such vertices and edges are surrounded by the ball components 
of M \ Q. Therefore these moves do not modify Q and produce frames of M. 

By generalized MP-moves on frames, briefly GMP-moves, we mean the moves 
{r'"'"}^,„, {T'^)^'^ introduced in Section O and the lune moves C^^ shown in 
Figure [71 These moves are allowed in this context only when they produce frames 
and preserve the orientation of the regions. In particular, the move is allowed 
only when the orientations of two regions united by this move are compatible. The 
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orientation of the small disk regions destroyed or created by the moves may be 
arbitrary. 

As we know, all GMP-moves on frames except possibly the lune moves expand 
as compositions of primary moves on skeletons though the intermediate skeletons 
may not be frames. The lune moves also expand as compositions of primary moves 
on skeletons; we leave it to the reader as an exercise. 

Lemma 8.2. The manifold M has a frame. Any two frames of M can he related 
by a finite sequence of primary moves and GMP-moves in the class of frames. 

Proof. Fix a triangulation t of M and denote dt the induced triangulation of dM. 
The triangulation t gives rise to a dual cellular decomposition t* of M. It is formed 
by the cells of the cellular decomposition (dt)* of dM dual to dt and the cells dual 
to the simplices of t in M. The 2-skeleton Qt = (t*y'^'> C M of is a 2-polyhedron 
containing dM, and M \ Qt is the disjoint union of the open 3-cells of t* . The 
edges of t* form a stratification of Qt. We endow all regions of Qt lying in dM with 
the orientation induced by that of dM. All other regions of Qt are oriented in an 
arbitrary way. Pushing Qt inside M we obtain a frame of M. 

The construction of Qt can be generalized as follows. Let F be the (trivalent) 
graph in dM formed by the vertices and edges of [dt]* . Any skeleton P of the pair 
(M, F) determines a 2-polyhedron Q = Q{P) = PUdM. The edges oi P C Q form 
a stratification of Q. We endow all regions of Q lying in dM with the orientation 
induced by that of dM. The other regions of Q inherit their orientation from P. 
Pushing Q inside AI we obtain a frame of M. The frames of M obtained in this 
way from skeletons of (M, F) are called t-frames. 

The discussion at the end of Section [5TT] shows that any two skeletons of (M, F) 
can be related by primary moves in the class of skeletons of {M,F). Extending 
these moves to the associated f-frames in the obvious way, we obtain that any two 
f-frames of M can be related by primary moves in the class of i-frames. 

We show now that any frame Q of M can be transformed into a t-frame by 
GMP-moves. Pick a Q-coUar i : dM x [0, 1] ^ M. Let V and E be the sets of 
vertices and edges of the graph F respectively. Deforming i, we can ensure that the 
graph Fi = i{F x {!}) C Q^ is generic in the sense that its vertices {i{v x 
lie in Q^ \ Q^^^ and its edges {i(a x {l})}a<£E are transversal to the edges of the 
graph Q+ nQ(i). Set 

i?-QUi(Fx [i,l])Uz(5Mx {!}). 

We stratify the 2-polyhedron R C Int(M) as follows. The points of Fi H Q^^^ split 
the edges of the graphs Fi and n Q^^-* into smaller subedges. For edges of R we 
take all these subedges together with the edges of Q not lying in Q'^ and the arcs 
{i{v X [i, and {i{a x {■^})}aeE- Then the vertices of R are the vertices of Q 

and the points of the sets Fi n Q*-^^ and {i{v x {i, 1})}^,^^/. Clearly, 

i?W-Q«Uz(yx[i,l])Uz(Fx{i,l}). 

We orient R as follows: the regions contained in Q inherit their orientation from Q, 
the orientation of the regions contained in i{dM x {5}) is induced by that of dM, 
the regions {i{a x [i, l])}^^^; are oriented in an arbitrary way. It is clear that R 
is a t-frame of M. Each region r oi R contained in i?+ — i{dM x {5}) is a 2-disk 
whose boundary can be pushed towards Q^ and further contracted into a small 
circle by GMP-moves in the class of frames. At the end, this "moving" disk can be 
eliminated via the inverse bubble move. Note that the orientation of the regions of R 
yield no obstructions to these moves because all regions of R contained in (5+ are 
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oriented coherently. In this way, ehminating consecutively all regions of R contained 
in we can transform R into Q by GMP-moves. The inverse sequence of moves 
transforms Q into the t-frame R. Now, the properties of i-frames established above 
imply the claim of the lemma. □ 

8.3. Proof of Lemma l8.ll It is enough to consider the case where M is connected. 
The case dM — having been treated above, we assume that dM ^ 0. Fix an 
orientation of M. Denote by V and E the sets of vertices and edges of G respectively. 

In analogy with the construction of the polyhedron R at the end of the proof 
of Lemma 18.21 we construct a skeleton of (M, G) from any frame Q C M. Pick a 
Q-coUar i : dM x [0, 1] ^ M such that the graph d = i{G x {!}) C is generic, 
i.e., its vertices {i{v x {l})}t,gy lie in (5+ \ Q*-^^ and its edges {i{a x {l})}ae£; are 
transversal to the edges of the graph (5+ n Q^^^. Set 

P = P{Q,i) = QUi{Gx [0,1]). 

We stratify the 2-polyhedron P as follows. The points of Gi n Q^'^'' split the edges 
of Gi and the edges of n Q'^' into smaller subedges. In the role of edges of P 
we take all these subedges together with the edges of Q not lying in and the 
arcs {i{v x [0, and {i{a x {0})}a^E- The vertices of P are the vertices of Q 

and the points of the sets Gi Pi Q^^^ and {i{v x {0, l})}t,gy. Clearly, 

p(i) = g(i) u i{V X [0, 1]) U G U G,. 

We orient P as follows: the regions contained in Q inherit their orientation from Q; 
the orientation of the regions {i{a x [0, l])}aGB is induced by that of G. Since all 
vertices of G have valency > 2, we have dP = G. Clearly, P is a skeleton of {M, G). 

A different choice of the Q-collar i may lead to a different skeleton. However, any 
two Q-coUars are isotopic in the class of Q-coUars. Making an isotopy {is}sg[o,i] 
between them transversal to (5+ n Q^^\ we can ensure that for all but a finite set 
of values of s, the graph Gi^ = is{G x {1}) c is generic, and when s increases 
through each of the exceptional values, the skeleton P{Q, is) is modified via T™'" 
or C^^ . The orientation of the regions do not create obstructions to these moves 
because all regions of is) contained in (5+ are oriented coherently. We conclude 
that up to GMP-moves, the skeleton P{Q,i) does not depend on the choice of i. 

Consider two frames Q and Q' of M. If Q' is obtained from Q by a primary 
move, then Q' — Q and any Q-collar i is also a Q'-collar. Then the skeleton P{Q', i) 
is obtained from i) by the same primary move. Suppose that Q' is obtained 
from Q by a GMP-move T. This move proceeds inside a small neighborhood U C Q 
of an embedded arc in Q. Deforming a Q-collar i in the class of Q-collars, we can 
ensure that Gi DU = $. Then an appropriate deformation of i yields a Q'-collar i' 
such that Gi = Gi'. Clearly, the skeleton P{Q',i') is obtained from P{Q,i) by 
the same move T. Since T expands as a product of primary moves, the skeletons 
P{Q,i) and P{Q',i') are related by primary moves. By Lemma [8.21 the skeletons 
of (M, G) associated with any two frames of M are related by primary moves. 

To complete the proof, it is enough to show that any skeleton P of (M, G) can 
be transformed by primary moves in a skeleton of (M, G) associated with a frame. 
Recall the edges {(i«}«ey and the regions {-Dajaes of P from the definition of a 
skeleton. The transformation of P proceeds in three steps. At Step 1 we blow 
up all vertices of P lying in Int(M) (including the standard vertices) as at Step 5 
of the proof of Lemma 17.21 It is explained there that this blowing up can be 
achieved by primary moves. We need to tune up a little this procedure: the regions 
of the resulting skeleton. Pi, lying on the small 2-spheres created by blowing up 
are endowed with orientation induced by that of M restricted to the small 3-balls 
bounded by these spheres (the orientation of all other regions of Pi is induced by 
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that of P). The skeleton Pi has edges of two types: the "short" edges lying on 

the small spheres (in the proof of Lemma 17.21 these are the edges of lying in 

dBx) and the "long" edges obtained by shortening the original edges of P at their 

endpoints. In particular, the edges {(i„}i,gy of P give rise to long edges 

of Pi. The long edges of Pi are pairwise disjoint. A long edge e distinct from 

{dy}vev has an open ball neighborhood Ue in M that can be identified with IR'^ so 

that 

Pinf/e = (R2x{o,i})u(r„x [0,1]), 

where n > 2 is the valence of e, Yn C is a union of n rays with common origin O, 
and e — O X [0, 1]. Let Z? C be a 2-disk centered at O and meeting Yn along n 
radii. We modify Pi by adding the cylinder dD x [0, 1] C Ue surrounding e. The 
orientation of the regions lying on this cylinder is induced by that of M restricted 
to D X [0,1] C Ue while the orientation of all other regions is induced from that 
of Pi. This modification can be achieved by MP-moves and hence by primary 
moves. We apply these modifications in disjoint neighborhoods of all long edges 
of Pi distinct from {d^j^gy. The resulting skeleton, P2, has regions of two types: 
the "small" or "narrow" regions created by the previous transformations at the 
vertices and edges and the "wide" regions obtained by cutting the original regions 
of P2 near their boundary. In particular, the regions {Da}aeE of P give rise to 
slightly smaller regions {D'^}a£E of P2- The wide regions of P2 (as well as their 
closures) are pairwise disjoint. All regions of P2 except {D^jaeB lie in Int(M). For 
a wide region r of P2 lying in Int(M), we can use MP-moves to add to P2 a new 
region r' parallel to r, cf. the end of the proof of Lemma [7.41 This can be done so 
that the orientations of r and r' are induced by that of M restricted to the solid 
cylinder r x [0, 1] between r and r'. These modifications are applied to all wide 
regions of P2 except {D'^}a£E inside their disjoint neighborhoods in AI. This gives 
a skeleton, P3, of {M,G). We claim that P3 is associated with a frame of M. To 
see this, consider the 2-polyhedron Q C P3 flint (M) obtained from P3 by removing 
the graph G — dP = 9P3, the interiors of the edges {d^j^gy, and the interiors of 
the regions {D'^}aeE- The 2-polyhedron Q can be stratified so that the graphs Q^^^ 
and QnUai'a have only double transversal crossings and the union of these graphs 
is equal to Q fl P^^ ■ All regions of Q are regions (or unions of regions) of P3 and 
inherit orientation from P3. This turns Q into an oriented stratified 2-polyhedron. 
Since P3 is a skeleton of {M,G), the polyhedron Q is a skeleton of M. We claim 
that Q is a frame. Indeed, the set Q C M is the union of a regular neighborhood 
of P in M with all 3-ball components of M \ P. This union is a 3-manifold with 
boundary, and the orientation of all regions of Q contained in dQ is induced by the 
orientation of M restricted to Q. Now, it is easy to see from the definitions that 
there is a Q-coUar i : DM x [0, 1] ^ M such that i{{v} x [0, 1]) = d'^ for all v e V 
and i{a x [0, 1]) = D'^ for all a £ E. Then P = P{Q,i) is the skeleton associated 
with Q. 

9. The state-sum TQFT 

We construct in this section the state sum TQFT associated with any spherical 
fusion category with invertible dimension. 

9.1. Preliminaries on TQFTs. For convenience of the reader, we outline a def- 
inition of a 3-dimensional Topological Quantum Field Theory (TQFT) referring 
for details to |Tu) . We first define a category of 3-dimensional cobordisms Cob3. 
Objects of Cob3 are closed oriented surfaces. A morphism Sq Si in Cob3 
is represented by a pair (M, h) , where M is a compact oriented 3-manifold and 
h is an orientation-preserving homeomorphism (—So) U Si ~ dM. Two such 
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pairs {M,h: (-So) U Si ^ dM) and {M',h': (-So) U Si dM') represent the 
same morphisni So — >■ Si if there is an orientation-preserving homeomorphism 
F: M ^ M' such that h' = Fh. The identity morphism of a surface S is rep- 
resented by the cyhnder S x [0,1] with the product orientation and the tauto- 
logical identification of the boundary with (— S) U S. Composition of morphisms 
in Cobs is defined through gluing of cobordisms: the composition of morphisms 
(MojUq): So — ?• Si and {Mi, hi): Si — > S2 is represented by the pair {M,h), 
where M is the result of gluing Mq to Mi along hih^^ : ft,o(Si) — s> /ii(Si) and 
h = ho\sg U /iilsj : (—So) U S2 ~ dM. The category Cobs is a symmetric monoidal 
category with tensor product given by disjoint union. The unit object of Cobs is 
the empty surface (which by convention has a unique orientation). 

Denote vectk the category whose objects are finitely generated projective Ik- 
modules and whose morphisms are k-homomorphisms of modules. We view vectk 
as a symmetric monoidal category with standard tensor product and unit object 
k. A 3- dimensional TQFT is a symmetric monoidal functor Z: Cobs — vectk. In 
particular, Z(0) = k, Z(S U S') = Z(S) ig) Z(S') for any closed oriented surfaces 
S, S', and similarly for morphisms. 

Each compact oriented 3-manifold M determines two morphisms — >■ dM and 
—dM in Cobs. The associated homomorphisms Z(0) = k — >• Z{dM) and 
Z{-dM) -J> Z(0) = k are denoted Z{M,0,dM) and Z(M, -<9M,0), respectively. 
If dM = 0, then Z{M,9,dM) = Z{M,-dM,9): k ^ k is muhiplication by an 
element of k denoted Z{M). 

The category Cobs includes as a subcategory the category of closed oriented sur- 
faces and (isotopy classes of) orientation-preserving homeomorphisms of surfaces. 
Indeed, any such homeomorphism / : S S' determines a morphism S — > S' 
in Cobs represented by the pair (C = S' x [0,1], h: (— S) U S' ~ dC), where 
h{x) = (/(x),0) for a; G S and h{x') = (a;', 1) for x' G S'. Restricting a TQFT 
Z: Cobs ~^ vectjj to this subcategory, we obtain the action of homeomorphisms 
induced by Z. 

An isomorphism of 3-dimensional TQFTs Zi — ^ Z2 is a natural monoidal iso- 
morphism of functors. Such an isomorphism is a system of k-isomorphisms Zi (S) ~ 
Z2(S), where S runs over all closed oriented surfaces. These k-isomorphisms should 
be multiplicative with respect to disjoint unions of surfaces and commute with the 
action of cobordisms (and in particular, of homeomorphisms). For S = 0, the iso- 
morphism 2'i(S) ~ ^2(S) should be the identity map k — ;> k. This implies that if 
two TQFTs Zi, Z2 are isomorphic, then Zi{M) — Z2{M) for any closed oriented 
3-nianifold M . 

9.2. Invariants of /-colored graphs. Fix up to the end of Section |9] a spherical 
fusion category C over k such that dim(C) is invertible in k. Fix a representative 
set / of simple objects of C. We shall derive from C and / a 3-dimensional TQFT. 

By an I-colored graph in a surface, we mean a C-colored graph such that the 
colors of all edges belong to I and all vertices have valence > 2. For any compact 
oriented 3-manifold M and any /-colored graph G in dM, we define a topological 
invariant \M, G| G k as follows. Pick a skeleton P C M of the pair (M, G). Pick a 
map c: Reg(P) — > / extending the coloring of G in the sense that for every edge a 
of G, the value of c on the region of P adjacent to a is the C-color of a. For every 
oriented edge e of P, consider the k- module //c(e) = H{Pe), where Pe is the set 
of branches of P at e turned into a cyclic C- set as in Section 15.21 Let Eq be the 
set of oriented edges of P with both endpoints in Int(A/), and let Eq be the set 
of edges of P with exactly one endpoint in dM oriented towards this endpoint. 
Note that every vertex w of G is incident to a unique edge belonging to Eg and 
Hc{ev) — Hv{G°^; —dM), where the orientation of dM is induced by that of M. 
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Therefore 

®eeEo Hc{ey = ®„ Hy{G°P-, -dM)* = i/(G°P; -9M)^ 

For e G i?o, the equahty Pgop = (Pe)"^ induces a duahty between the modules 
Hc{e), Hc{e°P) and a contraction Hc{e)* ® Hc{e°^)* — > k. This contraction does 
not depend on the orientation of e up to permutation of the factors. Applying these 
contractions, we obtain a homomorphism 

As in Sectioning any vertex a; of P lying in Int(M) determines an oriented graph 
on S'^ , and the mapping c turns into an /-colored graph. Section 13.31 yields a 
tensor fc^Xx) £ Hc{Vx)*- Here iJc(rx) = ®eHc{e), where e runs over all edges 
of P incident to x and oriented away from x. The tensor product (X)^: fc(^x) over 
all vertices x of P lying in Int(Af) is a vector in ^eeEoUEs Hc{e)* . 

Theorem 9.1. For a skeleton P of {M,G), set 

|M,G| = (dim(C))-l^l^ j Y[ (dimc(r))>^« 1 *p(®,Fc(r,)), 

c \reRcg(P) / 

where |P| is the number of components of M\P, c runs over all maps Reg(P) — > / 
extending the coloring of G, and x the Euler characteristic. Then |Af, G| 6 
H{G°^; —dM)* does not depend on the choice of P. 

Proof. Since any two skeletons of (M, G) are related by primary moves, we need 
only to verify the invariance of |Af, G| under these moves. This invariance is a local 
property verified exactly as in the proof of Theorem 16.11 □ 

Though there is a canonical isomorphism H{G°P; ~dM)* ~ H{G\ dM) (see the 
last remark of Section lOT) . we view |M, G| as an element of 7/(G°P; —dM)* . 

Taking G = 0, we obtain a scalar topological invariant \M\c = |M, 0| S H{^)* = 
k of Af . This generalizes the invariant defined above for closed M . 

9.3. Invariants of 3-cobordisms. A 3-cobordism is a triple (A/, Eg, Si), where 
Af is a compact oriented 3-manifold and Sq: Si are disjoint closed oriented surfaces 
contained in dM such that dM = (— Sq) USi in the category of oriented manifolds. 
We call So and Si the bottom base and the top base of M, respectively. 

Consider a 3-cobordism (Af, Sq, Si) and an f-colored graph Gi C S^ for i = 0,1. 
Theorem 19.11 vields a vector 

|Af, GqP U Gi I e ff(Go U G°p, -dM)* = f?(Go, So)* ® F(G°p, -Si)*. 

The isomorphism ff(G^P,— Si)* ~ ff(Gi,Si) given by the last remark of Sec- 
tion [33] induces an isomorphism 

T : f/(Go, So)* ® H{G°'\ -Si)* ^ Homk(ff-(Go, So), f?(Gi, Si)). 

Set 

|Af, So, Go, Si, Gil = ^"^^^^^(^1^'' G°P U Gi|) : f/(Go; So) ^ ff (Gi; Si), 

where for an f-colored graph G in a surface S, the symbol |G| denotes the num- 
ber of components of S \ G and dim(G) denotes the product of the dimensions of 
the objects of C associated with the edges of G. To compute the homomorphism 
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|M, So, Go, Si, Gil, let n e H(Gi, Si) ® i7(G°P, -Si) be the inverse of the canon- 
ical pairing H{G°^, —Si) ® i7(Gi, Si) — > k. Pick any expansion = J2a ® 
where a„ G iJ(Gi, Si) and 6„ e iJ(G°P, -Si). Then for any h e H{Go, So), 

|M, So,Go,Si,Gi|(/i) = ^^^^^^^-p ^|M,G°PuGi|(/i®6„)a„. 

By skeleton of a closed surface S we mean an oriented graph G C S such that 
all vertices of G have valence > 2 and all components of S \ G are open disks. For 
example, the vertices and the edges of a triangulation t of S (with an arbitrary 
orientation of the edges) form a skeleton of S. For a graph G, denote by col(G) the 
set of all maps from the set of edges of G to /. 

Lemma 9.2. Let (Afo,So,Si), (Mi,Si,S2) be two 3-cohordisms and (M, So,S2) 
be the 3-cobordism obtained by gluing Mq and Mi along Si. For any I -colored 
graphs Go C Sq, G2 C S2 and any skeleton G 0/ Si, 

|M,So,Go,S2,G2| = |A^i,Si,(G,c),S2,G2|o|Mo,So,Go,Si,(G,c)|. 

cecol(G) 

Proof. This is a direct consequence of the definitions since the union of a skeleton of 
(Mo, GqP U G) with a skeleton of (Afi, G°p U G2) is a skeleton of {M, Gq^ U G2). □ 

9.4. The state-sum TQFT. For a skeleton G of a closed oriented surface S, set 

|G;S|° =©eeeoi(G)ff((G,c);S). 

Given a 3-cobordism (A/, Sq, Si), we define for any skeletons Go C So and Gi C Si 
a homomorphism 

|M,So,Go,Si,Gil°: |Go;Sor |Gi;Sir 

by 

(15) |A/,So,Go,Si,Gi|° = |M,So,(Go,co),Si,(Gi,ci)l, 

coGcol(Go) 
ciecol(Gi) 

where|A/,So,(Go,co),Si,(Gi,ci)|: i/((Go,co);So) ^i?((Gi,ci);Si). Lemmali:!] 
implies that for any cobordisms Afo, Afi, Af as in this lemma and for any skeletons 
Gi C Si with i = 0,1,2, 

(16) |A^,So,Go,S2,G2r = |Af,Si,Gi,S2,G2ro|A^,So,Go,Si,Gir. 

These constructions assign a finitely generated free module to every closed oriented 
surface with distinguished skeleton and a homomorphism of these modules to ev- 
ery 3-cobordism whose bases are endowed with skeletons. This data satisfies an 
appropriate version of axioms of a TQFT except one: the homomorphism associ- 
ated with the cylinder over a surface, generally speaking, is not the identity. There 
is a standard procedure which transforms such a "pseudo-TQFT" into a genuine 
TQFT and gets rid of the skeletons of surfaces at the same time. This procedure 
is described in detail in a similar setting in [Tu , Section VII. 3. The idea is that if 
Go, Gi are two skeletons of a closed oriented surface S, then the cylinder cobordism 
Af = S X [0, 1] gives a homomorphism 

p(Go,Gi) = |Af,S X {0},Go X {0},S x {l},Gi x {l}]": |Go;Sr ^ |Gi;Sr . 

Formula implies that p{Go,G2) — p(Gi, G2)p(Go, Gi) for any skeletons Go, 
Gi, G2 of S. Taking Go = Gi = G2 we obtain that p(Go, Go) is a projector onto a 
direct summand |Go;S| of |Go;S|°. Moreover, p(Go, Gi) maps |Go;S| isomorphi- 
cally onto |Gi;S|. The finitely generated projective k-modules {|G;S|}g, where 
G runs over all skeletons of S, and the homomorphisms {p(Go, Gi)}g'o,Gi form a 
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projective system. The projective limit of this system is a k-module, indepen- 
dent of the choice of a skeleton of E. For each skeleton G of E, we have a "cone 
isomorphism" of k-modules |G; E| = By convention, the empty surface has a 
unique (empty) skeleton and |0| = k. 

Any 3-cobordism (M, Eq; ^i) splits as a product of a 3-cobordism with a cylin- 
der over El. Using this splitting and Formula (1161) . we obtain that the homomor- 
phism dH]) carries |Eo| = |Go;Eo| C |Go;Eo|° into |Ei| = |Gi;Ei| C |Gi;Ei|° 
for any skeletons Go,Gi of Eo,Ei, respectively. This gives a homomorphism 
|M, Eo,Ei|: |Eo| — > |Ei| independent of the choice of Gq, Gi. 

An orientation preserving homeomorphism of closed oriented surfaces / ; E ^ E' 
induces an isomorphism |/|: |E| — > |E'| as follows. Pick a skeleton G of E. Then 
G' = /(G) is a skeleton of E', and |/| is the composition of the isomorphisms 

|E| ^ |G;E| = |G';E'| 9^ |E'| . 

Here the first and the third isomorphisms are the cone isomorphisms and the middle 
isomorphism is induced by the homeomorphism of pairs /: (E, G) — > (E', G'). It is 
easy to check that |/| does not depend on the choice of G. 

To accomplish the construction of the 3-dimensional TQFT | • | , we need only to 
associate with every morphism (/s: Eq — > Ei in Cobs the induced homomorphism 
\(p\: |Eo| — >■ |Ei|. Represent ip hy a pair {AI,h: (— Eq) U Ei ~ dM) as above. For 
« = 0, 1 denote by E^ the surface /i(Ei) C dM with orientation induced by the one in 
Ej. The 3-cobordism (M, Ef,, E'^) yields a homomorphism |M, E^,, E'^] : [E[)| ^ |E;|. 
The homeomorphism /i: E^ — >■ E^ induces an isomorphism |Ei| = |E^| for i = 0, 1. 
Composing these three homomorphisms we obtain the homomorphism \lp\: |Eo| — 
|Ei|. This homomorphism does not depend on the choice of the representative 
pair {M,h). It follows from the definitions and Lemma [9.21 that the assignment 
E |E|, ip \lp\ satisfies all the axioms of a TQFT. To stress the dependance of 
C, we shall denote this TQFT by | • |c. Considered up to isomorphism, the TQFT 
• |c does not depend on the choice of the representative set / of simple objects of 
C. For any closed oriented 3-manifold M, the invariant \M\c £ k produced by this 
TQFT coincides with the invariant of Sections [5] and ID 

9.5. Computation of 15^10- To illustrate our definitions, we compute the k- 
module |S'^|c- A circle G C C U {oo} = 5^ oriented counterclockwise and 
viewed as a graph with one vertex x and one edge e is a skeleton of S^. Assigning 
« € J to e, we turn G into an /-colored graph Gi. By definition, the k-module 
15*^10 is isomorphic to the image of the endomorphism p{G,G) = J^ijeiPi '^^ 
\G;S^\° = (S,eiHiG,), where 

pI - |E X [0,1],E X {0},G, X {0},E X {1},G, x {l}|c: H{G,) ^ H(G,). 

To compute p^', consider the 2-polyhedron F (G x [0, 1]) U (5^ x {i}) in x [0,1]. 
We stratify P by taking as edges the arcs x x [0, x x [^,1], and e x {t} for 
t G {0, i, 1}. The polyhedron P has 3 vertices x x {t} with t e {0, i, 1} and 4 
disk regions. We orient the two regions adjacent to the boundary so that P is a 
skeleton of the pair {S^ x [0, 1], (G°p x {0}) U (G x {1})) and endow the two regions 
contained in x {i} with orientation induced by that of S^. Clearly, \P\ ~ 4. Set 

Gi = (GT X m U (G, X {1}) c d{S' X [0, 1]). 

The maps Reg(P) I extending the coloring of Gj are numerated by the colors 
z,w E I the region contained in S'^ x {i}. The link of the vertex {x, ^) of P 
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Let u,v be the bottom and the top vertices of F^''^, respectively. Then 



\S^ X [0,1], G^' 



dim(i) dim(j') 
dim(C)^ 



diin(2;) dim(w) /x^'j 



with 




i?.(F^^"')*, 



where the dotted line represents the tensor contraction. Note that iJ„(r^) = 
H{Gi) and H^{T') = H[Gf). Set a, = r-i(c'5rv,) e i/(Gi) where t, : 7?(G,) ^ 
Homc(l, i* is the cone isomorphism. Then the vector forms a basis of H{Gi). 
Since iJ(G°P) = H{Gj), VL = [diuY{j))-^a, (g> aj e H{G.j) <E) H{Gj) is the inverse 
of the canonical pairing H{G°^) ® H{Gj) k. Now 




Therefore 



= 1^ 1^' X [0, 1], G^|c(a, ® a,) a, 

dim(i) ^-^ / N ,. / N atH 
= dimO-)dim(C)2 ^l.^dim(z)dmiH7V,., 



dim(i)^ 



a J by 



dim(C)2 ^ 

We conclude that the image of p{G, G) is generated by w = J2jei '^J ^ \G;S^\° , and 
so that \S'^\c^ k- 

10. Modular categories and categorical centers 

We recall the basics on modular categories and the Drinfeld center. 

10.1. Modular categories ( (Tu) ). A braiding in a monoidal category S is a nat- 
ural isomorphism t = {tx,y '■ X/SiY^YiS) X}x,Y£Oh{B) such that 

Tx,Y»z = (idy (8) tx^z){tx,y ® id^) and txi^y.z = {tx,z ® idy)(idx ® ty,z)- 

These conditions imply that tx,i — t^^x — idjc for all X G Ob{B) and so that Q 
is satisfied. 
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A monoidal category endowed with a braiding is said to be braided. The braiding 
and its inverse are depicted as fohows 

Y X Y X 

Tx,Y = ^ and Ty^^ = \^ . 

X Y X Y 

For any object X of a braided pivotal category B, one defines a morphism 

X 

Ox ^ ^ (idx <8) evx){Tx,x idx*)(idx (8> coev^) : X ^ X. 

X 

This morphism, called the twist, is invertible and 

X 

6*^^ = C( = (evx idx)(idx* ® Tx,x)(coevx «> idx) : X X. 

X 

Note that 6*1 = idi, 0x(sy = (Ox ® 0y)ty,xtx,y for any e Ob(;B). The twist 
is natural: Oyf = fdx for any morphism f:X^YinB. 

A ribbon category is a braided pivotal category i3 whose twist is self-dual, i.e., 
{(^x)* = Sx' for all X G Oh{B). This is equivalent to the equality of morphisms 

XX XX 

= c| for any X £ Oh{B). In a ribbon category 9^^ = = C^- A ribbon 

XX XX 

category B is spherical and gives rise to topological invariants of links in . Namely, 
every ;6-colored framed oriented link L C determines an endomorphism of the 
unit object Fb{L) G End(l) which turns out to be a topological invariant of L. 
Here L is B-colored if every component of L is endowed with an object of B (called 
the color of this component). The definition of Fq{L) goes by an application of 
the Penrose calculus to a diagram of L; a new feature is that with the positive 
and negative crossings of the diagram one associates the braiding and its inverse, 
respectively. For more on this, see jTuj . 

A modular category (over k) is a ribbon fusion category B (over k = End(l)) such 
that the matrix S = [ti'('''j,zTi^j)]i jgj- is invertible, where J7 is a representative set of 
simple objects of B and r is the braiding of B. The matrix S is called the S-matrix 
of B. Note that for any simple object J of B, the twist Oj: J J is multiplication 
by an invertible scalar wj g k called the twist scalar of J. This scalar depends only 
on the isomorphism class of J and wj- = vj. Set A± = X^iej ''^i^^(dhTL(i))^ G k. 
It is known that A+A_ = dim(Z5) = X^ie |Tu] . We say that B is 
anomaly free if A+ = A_. 

10.2. The center of a monoidal category. Let C be a monoidal category. A 
half braiding of C is a pair {A, a), where A G Ob(C) and 

a = {ax : A (g) X X (g) AjxeOHc) 
is a natural isomorphism such that 

(17) crx®y = (idx «) cry) (crx ® idy). 

for all X,Y £ Ob(C). This implies that at — id^- We call A the underlying object 
of the half braiding {A, a). 

The center of C is the braided category Z{C) defined as follows. The objects 
of Z(C) are half braidings of C. A morphism {A, a) {A' , a') in Z{C) is a morphism 
f:A^A' in C such that {idxg>f)ax = a'^if (g> idx) for aU X G Ob(C). The unit 
object of Z{C) is lz(c) — (li {idx}xeOb(c)) and the monoidal product is 

{A,a)^{B,p) = (A®S,(cr®idB)(idA ®p)). 
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The braiding r in Z{C) is defined by 

T{A.a).iB,p) = : {A, a) {B, p) {B, p) ® {A, a). 

There is a forgetful functor Z{C) — > C assigning to every half braiding (A, a) the 
underlying object A and acting in the obvious way on the morphisms. This is a 
strict monoidal functor. 

If C is a monoidal k-category, then so Z{C) and the forgetful functor is k-linear. 
Observe that End2:(c) (12(c)) = Endc(l) = k- 

If C is pivotal, then so is Z{C) with (A, ct)* = (A*,(t^), where 



A* ®X ^ X®A* 



and e-v(^A,a) = ev^, coev(^A.,j) = coev^, ev(A,cr) = ev^, coev(^^<^) = coev^. The (left 
and right) traces of morphisms and dimensions of objects in Z(C) are the same as 
in C. If C is spherical, then so is Z{C). 

10.3. The center of a fusion category. Let C be a spherical fusion category 
over k. Fix a representative set / of simple objects of C. 

Lemma 10.1. The center Z{C) of C is ribbon. 

X X 

Proof. We need only to verify that ^ = for any half braiding X = {A, a) of C. 

X X 

Let {pa- A ^ ia, Qa'. ia ^ A)a^\ bc an /-partition of A. For any a,/3 G A such 
that ia = ip = i <E I we obtain using the naturality of a that 

± 



Pa 

3? 



(dim(i)) 



T 



111 



•' i = (dim(i)) 



1 IK\ 



(dim(i)) 



-1 



Pa 



9/3 



\5 



± 



Pa 



CA 

aJ_ 



.,/3eA 



qa{Pafqi3)P!3 and 

□ 



We conclude using that any / G Endc(^) expands as f — J2a , 
that Pafqp = if ia ^ ip. 

Lemma 10.2 f [Mii2[ Lemma 3.10]). //dim(C) is invertible in k, then for any half 
braidings {A, a) and {B,p) ofC, the k-linear endomorphism '^^^''^-^ ofHoTnc{A,B) 
defined by 



'^K)(/) = (dini(C))-i^dim(^) 
iei 



■J 



f 



aTTJ 
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is a projector onto Hom2(c)((^, cr); {B,p)). 

Theorem 10.3 f [Mu2[ Theorem 1.2, Proposition 5.18]). LetC be a spherical fusion 
category over an algebraically closed field such that dimC ^ 0. Then Z{C) is an 
anomaly free modular category with A_|_ = A_ = dimC. 



11.1. Main theorems. The Reshetikhin-Turaev construction (see [Tu| ) derives 
from any modular category B over k equipped with a distinguished square root 
of dim(S) a 3-dimensional "extended TQFT" rg. The latter is a functor from a 
certain extension of the category Cobs to vect^; the extension in question is formed 
by surfaces with a Lagrangian subspace in the real 1-homology. For an anomaly free 
B, we take the element A = A± G k defined in Section 110.11 as the distinguished 
square root of dim(i3). The corresponding extended TQFT rg does not involve 
Lagrangian spaces and is a TQFT in the sense of Section 19.11 

We recall the definition of tb(M) G k for a closed oriented 3-manifold M and 
anomaly free B. Pick a representative set of simple objects of B. Present M by 
surgery on along a framed link L = LiU- ■ -ULn. Denote col(L) the set of maps 
{1, . . . , N} — i> J' and, for A G col(L), denote L\ the framed link L whose component 
Lq is oriented in an arbitrary way and colored by X{q) for all q ^ 1, N. Then 



where Fg is the invariant of S-colored framed oriented links in S'^ discussed in 
Section riO.il In particular, we can apply these results to the anomaly free modular 
category B — Z{C) provided by Theorem ll0.3l We can now state the main theorems 
of this paper. 

Theorem 11.1. Let C be a spherical fusion category over an algebraically closed 
field such that dimC ^ 0. Then \M\c — Tz(c)(-^^) for any closed oriented 3- 
manifold M. 

This equality extends to an isomorphism of TQFTs as follows. 

Theorem 11.2. Under the conditions of Theorem \ 1 1 . 11 the TQFTs \ ■ \c and tz{c) 
are isomorphic. 

The rest of the paper is devoted to the proof of these two theorems. The proof 
is based on the following key lemma. 

Lemma 11.3. Under the conditions of Theorem \ll.l[ the vector spaces |E|c and 
T2:(c)(S) associated with any closed connected oriented surface E have equal dimen- 



In the next two sections we deduce Theorems 111.11 and 111.21 from Lemma Til. 31 
(Only the case E = S*^ x 5^ of this lemma is needed for the proof of Theorems lll.il ) 
Lemma 111.31 will be proved in Sections [14] and [15] 

11.2. Corollaries. Theorem 111.11 allows us to clarify relationships between invari- 
ants of 3-manifolds derived from involutory Hopf algebras. Let if be a finite- 
dimensional involutory Hopf algebra over an algebraically closed field k such that 
the characteristic of k does not divide dim(if). By a well-known theorem of Rad- 
ford, H is semisimple, so that the category of finite-dimensional left H- modules 



Note that dimZ(C) = A+A 



(dimC)2. 



11. Main theorems and applications 




sions. 
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//mod is a spherical fusion category. The category of finite-dimensional left D{H)- 
modules £>(//) mod, where D{H) is the Drinfeld double of H, is a modular cate- 
gory (see [EG] and |Mu2| ). Denote Ku/f the Kuperberg invariant of 3-manifolds 
[Kuj derived from H and HKR£)(//) the Hcnnings-Kauffman-Radford invariant of 
3-manifolds [Hi], jKRj derived from D[H). 

Corollary 11.4. For any closed oriented 3-manifold M , 

r„,„)mod(M) = |AfU„,od = (dim(i7))-iKuff(M) = (dim(H))-i HKR,3(,,) (M). 

Proof. The first equality follows from Theorem 111.11 and the fact that mod is 
braided equivalent to Z(/fmod). The second equality follows from jB W2j . The last 
equality follows from the results of T. Kerler and V. Lyubashenko. □ 

We say that two fusion categories are equivalent if their centers are braided 
equivalent. For example, two fusion categories weakly Morita equivalent in the 
sense of Miiger [Miil] are equivalent in our sense. Theorem 111.21 implies : 

Corollary 11.5. Equivalent spherical fusion categories of non-zero dimension over 
an algebraically closed field give rise to isomorphic TQFTs. 

By a Hermitian fusion category we mean a spherical fusion category C over C 
endowed with antilinear homomorphisms 

{/ e Homc(X,y) ^ /e Homc(r,X)}x,yeob(C) 

such that f = f, gf = fg, f (g) g = f (g) g, ev^ = coevx, and coevx = evx for 
all morphisms f,g in C and all X G Ob(C). Note that these axioms imply that 
idx = idx, dim(X) G IR for all X e Ob(C) and tr(/) G IR for all endomorphisms 
/ in C. A unitary fusion category is a Hermitian fusion category C such that 
tr(//) > for any non-zero morphism / in C. This condition is equivalent to the 
condition that dim(y) > for all simple objects V of C. Clearly, the dimension of 
a unitary fusion category is a positive real number. 

Corollary 11.6. The TQFT \ ■ \c associated with a unitary fusion category C is 
unitary in the sense of [Tui Chapter III]. In particular \ — M\c — \M\^ for any 
closed oriented 3-manifold M . 

Proof. A half braiding (A, cr) of C is said to be unitary if ax — <^x^ for all 
X G Ob(C). The unitary center of C, denoted Z"-{C), is the full subcategory of 
Z{C) formed by the unitary half braidings. The unitary center of C is a braided 
subcategory of Z{C). The inclusion Z"(C) C Z{C) is a braided equivalence, 
see |Mii2[ Theorem 6.4]. Therefore Z'"{C) is a modular category. The conjuga- 
tion in C induces a conjugation in Z"(C) so that Z"(C) becomes a unitary modular 
category. Hence the TQFT tz^(c) is unitary. Now there are isomorphisms of 
TQFTs r2"(c) — '''z(c) — I ■ |c- The first one is induced by the braided equivalence 
Z'^{C) ~ Z{C) and the second one is given by Theorem 1 11. 21 The unitary structure 
of T2i»(c) is transported to | • |c via the isomorphism T2u(c) — | • |c- D 

From Corollarv lll.61 Theorem II 1.21 and Theorem 11.5 of ;Tuj , we deduce: 

Corollary 11.7. If C is a unitary fusion category, then \\M\c\ < (dim(C))^'*^-'~^ 
for any closed oriented 3-manifold M , where g{M) is the Heegaard genus of M . 

12. State sum invariants of links in 3-manifolds 

Fix a spherical fusion category C over an algebraically closed field k such that 
dimC 7^ 0. In this section, we extend the state-sum invariant of 3-cobordisms \ ■ \c 
to 3-cobordisms with Z(C)-colored links inside. 
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12.1. Knotted graphs in 5^. By a knotted graph in S'^, we mean a graph hn- 
mersed in such that the muhiple points of the immersion are double transversal 
crossings of edges, and at each crossing, one of the two intersecting edges is distin- 
guished and said to be "lower" or "under-passing" , the second edge being "upper" 
or "over-passing" . Note that some of the crossings may be self-crossings of edges. 
A knotted graph may have only a finite number of crossings, and they ah he away 
from the vertices of the graph. 

A knotted graph G in S*^ is C-colored if all its edges are oriented and endowed 
with an object of C or Z{C) (called the color of the edge) so that, at each crossing, 
the color of the over-passing edge is an object of Z{C). In other words, the color of 
an edge e of G is an object of Z{C) if e passes at least once over other edges or over 
itself and is an object of Z{C) or C otherwise. By the quasi-color of e, we mean 
the color of e if it is in Ob(C) and the underlying object of the color of e if it is in 
Ob(Z(C)). In all cases, the quasi-color of e is in Ob(C). For example, the C-colored 
graphs in as in Section [3. II are C-colored knotted graphs with no crossings. 

Given two C-colored knotted graphs G and G' in S*^, an isotopy of G into G' is 
an isotopy of G into G' in the class of C-colored knotted graphs in preserving 
the vertices, the edges, the crossings, and the orientation and the color of the edges. 

A vertex ti of a C-colored knotted graph G in determines a cyclic C-set 
{Ey, Cv, Sy) as in Section [3.11 with the only difference that the map c^: Ey ^ Ob(C) 
assigns to each half-edge e G Ey its quasi-color. As in Section [XTl we set Hy{G) = 
H{Ey) and H{G) — ®y Hy{G), where v runs over all vertices of G. 

The invariant fc of Section 13.31 extends to C-colored knotted graphs in as 
follows. Let G be a C-colored knotted graph in S'^. Pushing, if necessary, G away 
from oo, we obtain a C-colored knotted graph in R^, also denoted by G. For each 
vertex v of G, we choose a half-edge Cy G Ey and isotope G near v so that the 
half-edges incident to v lie above v with respect to the second coordinate on 
and By is the leftmost of them. Pick any ay € HyiG) and replace f by a box 
colored with {ay ) , where r" is the universal cone of Hy (G) (see Figure [T]) . For 
each crossing c of G, isotope G near c so that both strands of G meeting at c 
are oriented downwards. If {A, a) is the color of the over-passing strand and X 
the quasi-color of the under-passing strand, then we replace c by a box labeled 
by (Tx provided the over-passing strand goes from top-right to bottom-left and 
by a]^^ provided the over-passing strand goes from top-left to bottom-right. This 
transforms G into a planar diagram which determines, by the Penrose calculus, 
an element of Endc(l) — k. This element is denoted ¥c{G){'S>vay). By linear 
extension, our procedure defines a vector Fc(G) G H{G)* = Homk(i?(G), k). 

Consider the local moves on C-colored knotted graphs in S"^ shown in Figure [51 
It is understood that all strands are oriented (in an arbitrary way), and the orienta- 
tions of the strands are the same before and after the moves. The colors of all edges 
are objects of C and Z{C) preserved under the moves. As above, the colors of all 
over-passing edges are objects of Z{C). For example, the second move of Figure [5] 
is allowed only when the color of the left strand is in Z{C). 

Lemma 12.1. The vector Fc(G) £ H{G)* is a well-defined isotopy invariant of G 
preserved under the moves in Figure [H 

Proof. Independence of Fc(G) of the choice of the half-edges Cy follows from the 
definition of Hy{G). Invariance of Fc(G) under isotopies of G follows from the 
sphericity of C. 

We claim that, as in Section [373l if a C-colored knotted graph G' C is obtained 
from a C-colored knotted graph G C through replacement of the color of an 
edge e by its dual and simultaneous reversion of the orientation of e, then the 
isomorphism ipx ■ X — ^ X** of Remark 11.51 (where X € Ob(C) is the quasi-color 
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Figure 8. 



of e) induces an isomorphism i/; : H{G) -> H{G') such that (V')*(Fc(G')) = Fc(G). 
This claim is verified by comparing the contributions of the vertices and crossings 
of G, G' to fc{G)^ Fc(G") respectively. Indeed, without loss of generality, we can 
assume that G C — 5'^\{oo} and G is generic with respect to the second 
coordinate on R^. Consider a crossing x of G with over-passing edge Co and under- 
passing edge Eu- Applying if necessary an isotopy to G in a neighborhood of x, we 
can assume that Co is directed from top-left to bottom-right. Let (A, a) G Z{C) 
be the color of Co and X S Ob(C) be the quasi-color of e„. There are four cases 
to consider depending on the orientation of e„ at x (downwards or upwards) and 
depending on whether we reverse the orientation of Co or e^- Assume that e„ is 
directed downwards at x, so that the contribution of x to Fc(G) is 




(A<t) 



If G' is obtained by reversing e„ and replacing its color with the dual object, then 
the contribution of x to Fc(G') is 

A I \x* 



X* 



■(A. a) 




CM 



A --X 



X* 



4'x 



■■X 



X ■■ 



X*^ 



'■A 



The last equality follows from the definition of ipx and the formula 

tT~i = (e'vx ® idA8x)(idx ^ ctx* ® idx)(idx®A ® c'oevx). 

The latter formula can be easily deduced from the naturality of a and Formula ([T7)) . 
Similarly, if G" is obtained by reversing e„ and replacing its color with the dual 
object, then the contributions of x to Fc(G) and Fc(G') are obtained from each 
other through conjugation by ipA (to see this, one should use the expression for 
the dual of a half braiding given in Section 110.21) . The case where e„ is directed 
upwards is treated similarly. Combining these local computations, we obtain the 
required claim. 

Consider the second move in Figure [51 Applying if necessary the property of 
Fc obtained in the previous paragraph, we can reduce ourselves to the case where 
both strands are oriented downward. In this case the required identity follows 
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from the definition of Fc(G'). Similarly, to prove the invariance of Fc(G) under the 
fourth move, it suffices to consider the case where all edges incident to the vertex 
are oriented to the left. The required identity follows from the definitions and 
the properties of a. The invariance of Fc(G) under the third move can be proved 
similarly treating the crossing point of the two lower branches as a vertex. Finally, 
the first move expands as a composition of the other moves through pushing the 
over-passing branch to the left across the rest of the diagram and across the point 
ooeS^. □ 

Note that Lemma 14.21 extends mutatis mutandis to C-colored knotted graphs 
in S\ 

12.2. Link diagrams. Given an s-skeleton P of a compact oriented 3-manifold M, 
we can present links in M by diagrams in P, see [Tui Chapter IX]. (Similar presen- 
tations can be defined on arbitrary skeletons of M, but s-skeletons will be sufficient 
for our aims.) A link diagram in P is a finite set of loops in P such that: 

(i) the loops do not meet the vertices of P and meet the edges of P transversely; 

(ii) the loops have only double transversal crossings and self-crossings lying in 
Int(P) = P\P(1); 

(iii) at each crossing point of the loops one of the two intersecting branches is 
distinguished and said to be "lower" , the second branch being "upper" . 

The underlying A-valent graph of a link diagram is formed by the loops of the 
diagram with over /under-crossing data forgotten. By abuse of notation, we shall 
usually denote a link diagram and its underlying graph by the same symbol. 

Each link diagram d in P determines a link £d C M as follows. The orientations 
of M and P determine a distinguished normal direction on Int(P) in M . Pushing 
slightly all upper branches of d in M \ P in this direction, we transform d into td- 
The underlying loops of d have a well-defined normal line bundle vpi^d) in P; this 
bundle is defined in the points of dnP*^^' since, in a neighborhood of any such point, 
d traverses two regions of P locally forming a 2-disk. The bundle vp{d) induces a 
line subbundle of the (2-dimensional) normal bundle of id in M . 

An enriched link diagram in P is a link diagram in P whose loops are equipped 
with integers or half-integers called pre-twists. The pre-twist of a loop L is required 
to belong to Z if the normal line bundle of L in P is trivial and to ^ -I- Z otherwise. 
The pre-twists determine a framing of £d C M as follows. Twist I'd around each 
component of £d as many times as the pre-twist of the corresponding loop. (The 
positive direction of the twist is determined by the orientation of M. For instance, 
a pre-twist of ^ gives rise to a positive half- twist of i^d-) This produces a trivial 
normal line bundle on £d- Its non-zero sections yield a framing of id- 
It is easy to see that every framed link in M may be represented by an enriched 
link diagram in P. Consider the moves fJi, . . . , fig on enriched link diagrams shown 
in Figure |9] where the orientation of M corresponds to the right-handed orientation 
in R^. The moves fii, 172, ^^3 proceed in Int(P), and fl4, . . . ,fls proceed in a neigh- 
borhood of P(i). In Fi gure El the link diagrams on P are drawn in red bold in order 
to distinguish them from the edges of P. The move fii decreases the pre-twist by 1 
and increases the pre-twist by i; the other moves do not change the pre-twists. 
The move fig has four versions; in the one in Figure IHl we assume that the orienta- 
tions of the horizontal regions are compatible, i.e., are induced by an orientation of 
the horizontal plane. If these orientations are incompatible, then the picture must 
be modified: the overcrossing on the left (or on the right) should be replaced with 
an undercrossing. The third and fourth versions of fig are obtained from the first 
two by changing both overcrossings to undercrossings. The move has two ver- 
sions; both apply only when the left horizontal region is oriented counterclockwise. 



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 39 




Figure 9. Moves fii — ils on link diagrams 



By [Tuj , two enriched link diagrams in P represent isotopic framed links if and only 
if these diagrams may be related by a finite sequence of moves ftf^, . . . , ftf^ and 
ambient isotopies in P. 

Oriented framed links in M can be similarly presented by oriented link diagrams 
in P. These are the (enriched) link diagrams as above formed by oriented loops. 
Two such diagrams present isotopic oriented framed links if and only if they may 
be related by the moves in Figure IHl where all strands are oriented (the orientations 
of the strands must be the same before and after the moves) . 

12.3. Invariants of links. For a pair {M,L), where M is a compact oriented 3- 
manifold and L C Int(M) is an oriented framed link whose components are colored 
by simple objects of 2{C), we define a topological invariant \M,L\c € k. Fix a 
(finite) representative set / of simple objects of C. Pick an s-skeleton P of M and 
an oriented enriched link diagram c? in P representing L. The set d = P^^^ U c? is 
a graph embedded in P with edges contained either in P^^^ or in d and vertices 
of three types: the vertices of P'^^\ the points of P'^^ n d, and the crossings of d. 
Cutting out P along d, we obtain a compact oriented surface whose components 
are disks and disks with holes. These components are called the regions of d. The 
set of regions of d is denoted by Reg(d). 

Pick a map c: Reg((i) — /. For any oriented edge e of the graph d, we define a 
k-module Hc{e). If e C P'-^\ then ffc(e) = H{Pe) as in Section [Ql If e C d, then 
there are two regions r_,r_|_ G Reg(d) adjacent to e. We choose notation so that 
the orientation of r_|_ (resp. r_) induces on e the orientation compatible with that 
of e (resp. opposite to that of e): 
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Let A G Ob(C) be the quasi-color of the component of L containing e. We turn 
the 3-element set P^. — {r^, e, r+} into a cychc C-set by providing it with the cychc 
order r_ < e < r+ < r_ and with the map to Ob(C) x {+, — } carrying r± to 
(c(r-i-), ±) and e to (A, e), where e = + if the orientations of e and d are compatible 
and e = — otherwise. Set 

H^{e) =H(Pe) =Honic(l,c(r_)*(8)yl"(g)c(r+)). 

It is clear that in both cases Pgop = (Pe)°P. This induces a duality between the 
modules -ffc(e), Hc{e°P) and a contraction *e- Hc{e)* ® Hc{e°^)* k. 

We now associate to every vertex x oi d a certain vector \x\c. We distinguish 
three cases. If x is a vertex of then as in Section [6731 the link of x determines 
a C-colored graph C S'^ . Set \x\c = fci^x) Hc(T^)*. 

If a: is a crossing of d, then a neighborhood of x in P looks as follows: 




Here J and J' are the colors of the strands of d meeting at x, and i,j,k,l 6 / 
are the c-colors of the regions in Reg((i) adjacent to x. Let Fa; be the following 
C-colored knotted graph in C 5^: 




The orientation (not shown in the picture) of the diagonals is induced by that of d. 
Section [TO vields a tensor \x\c = fci^x) ^ Hc{Tx)*. 

The definition of \x\c in the remaining case x £ P'^^-' fid uses the assumption that 
the colors of the components of L are simple objects. Since k is an algebraically 
closed field, we can choose for each component of L a square root vj G k of the 
twist scalar vj Gk oi the color J of this component, see Section riO.il (At the end, 
the invariant \M,L\c G k will be independent of this choice.) A neighborhood of 
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p(l) 

n d in P looks as follows (as usual, the orientation of M is right-handed): 









-> — y 




m / 
r / 


^1 



The skeleton P has 3 regions (possibly coinciding) adjacent to x. We denote them 
r,r~,r^ so that the strand of d at x goes from to r+. Let J be the color of 
this strand. The diagram d has 5 regions adjacent to x. We denote their c-colors 
by i,j,k,l,m as in the picture. Let eg be a tangent vector at x directed inside r 
and let {ef,e^) be a positive (i.e., positively oriented) basis of the tangent space 
of at X. Consider the basis {eo,ef ,62) of the tangent space of M at x. Set 
= 1 if this basis is positive and ei^ = — 1 if it is negative. Let F^; be the following 
C-colored knotted graph in C 5'^: 




The latter pictures determine the orientations of the edges of F^^ colored by «, j, fc, L 
The edge of Fa; colored by m is directed downward if the orientation of r followed 
by that of rf at x yields the positive orientation of M and upward otherwise. Set 

^ e {-1,0,1} and \x\,^i^y¥c{rx)eH,{rxr. 

For any vertex x of d, we have Hc{Tx) = ®e Hc{e), where e runs over the edges 
of d incident to x and oriented away from x. The tensor product \x\c over all 
vertices a; of d is a vector in Hc{e)* , where e runs over all oriented edges of d. 
Set *p = (g)e *e : igJe Hc{e)* -)■ k. 

Let Li, ...,Ln be the components of L. Let Jq G Ob(Z(C)) be the color of Lq, 
Vq Ekhe the distinguished square root of the twist scalar vj^ of Jq, and Uq £ 
be the pre-twist of the loop of d representing Lq, where q — 1, N. Set 

\M,L\c = (dim(C))-l^l n ' J2 ( n (dimc(r))^M j *p(®, \x\,) G k, 

9=1 c \rGRcg(d) / 
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where \P\ is the number of components of AI\P, c runs over aU maps Reg((i) — s> /, 
and x(^) is the Euler characteristic of r. 

Theorem 12.2. \M,L\c is a topological invariant of the pair {M,L) independent 
of the choice of I and of the choice of square roots of the twist scalars. 

Proof. The independence of / fohows from the naturality of Fc and of the contrac- 
tion homomorphisms. We prove the independence of the choice of Vq. The term of 
|M, L|c determined by a map Reg(c?) — / is a product of an expression indepen- 
dent of Vq and j/q"'^*'' for Sq = ex, where x runs over the intersections of the 
g-th component of d with P^^\ It suffices to show that 2nq + Sq £ 2Z. Observe 
that £a; = if the orientations of the regions r_ and r_(_ at x are compatible, and 
Ex — ±1 otherwise. Therefore Sq G 2Z if and only if the normal bundle of the z-th 
component of d in P is trivial. By the definition of a pre-twist, the latter condition 
holds if and only if nq € Z. Therefore, 2nq + Sq G 2Z in all cases. 

Recall that any two s-skeletons of M can be related by a sequence of Matveev- 
Piergallini moves. Using f2^^,17g, and fig we can deform any diagram of L on P 
away from the place where an MP-move is performed on P. Then the same ar- 
guments as in the proof of Theorems 15.11 and 16.11 show that _L|c is invariant 
under the MP-move in question. Therefore we need only to verify that |Af, L|c is 
invariant under the moves f2i, . . . , fig. 

Without loss of generality, we can assume that in the pictures of f2i, ri2, ^3 the 
orientation of the ambient region corresponds to the counterclockwise orientation 
of the plane of the picture. For any orientation of the red-bold strand, colored by 
a simple object J of Z(C), 




dim(z) j. - 





3= Vj 



The arrow indicates that we compute the contribution of the picture (the curl) to 
the state sum. The dotted arc indicates the tensor contraction of the vector spaces 
corresponding to the endpoints of the arc. The equalities follow respectively from 
Lemma 14. 21 c and the definition of the twist scalar vj (if the red-bold strand is 
oriented upward, one should also use the equality uj. = vj). Taking into account 
the normalization factor Y[q i^?"' and the additional pre-twist —1 introduced by fii, 
we conclude that \M,L\c is invariant under 51 1. 

For any orientations of the red-bold strands (colored by simple objects of Z{C)), 




dim(^ 



k 



■■3 



dim(^ 
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The first two equalities follow respectively from Claims (d) and (c) of Lemma 14.21 
The third equality follows from Lemma [12. II We conclude that \M, i|c is invariant 
under The invariance under fls is verified similarly. 

Below we verify the invariance of \M, L\c under the moves f24, . . . f^s for a cer- 
tain orientation of the link diagram. The proof of the invariance for the opposite 
orientation of a component of the diagram can be obtained by repeating exactly 
the same arguments but using everywhere the opposite orientation of the relevant 
edges of the C-colored knotted graphs. In particular, the tensors associated with 
all vertices are represented by the same graphs with opposite orientation of the 
appropriate red-bold edges. For the tensors associated with the crossings, this fol- 
lows directly from the definitions. For the tensors associated with the vertices of 
P(i) n d, we use that 



and 




For example, we have 



and 




The last graph differs from the graph obtained in the previous picture only by the 
orientation of the red-bold edge. 

Let us now verify the invariance of |M, L\c under the moves 1^4 — fls for a certain 
orientation of the s-skeleton and of the link diagram. We begin with ^4, and 
fig. In these computations, the (unique) red-bold strand is colored with a simple 
object J of Z{C). Wc have 
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i / 


i ^ / 






I / 










m / 

V 





-1-1 1-1 



^ dim(z) 




m ' 










■ 3 


z 






All these equalities except the penultimate one follow from Lemma [12 .11 the penul- 
timate equality follows from Lemma 14.21 By definition, 





Taking into account the normalization factor i/g"' and the additional pre-twist 
i introduced by we conclude that |M, L|c is invariant under Vl^. 
Next, we have 
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The right-hand side is the contribution to the state sum of the foUowing piece of 
the diagram: 




1 6 



I 




Therefore the state sum is invariant under ilg. 

Consider now the moves fig and flj. We assume that the two red-bold strands 
are colored with simple objects J, J' of Z{C). We have 
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^dim(z) 




-1+1 1-1 
I' T ^ ^ J? 




Therefore the state sum is invariant under fiy. 

The invariance of |M, L|c under the moves — fig with other orientations of 
the s-skeleton can be verified similarly. As above, this verification is easy for 
and f^e but longer for the other moves. However, having verified this invariance for 
fis and r^e, we can prove that |M, L|c does not depend on the orientation of the 
s-skeleton P . Then the invariance for the other moves follows from the special cases 
considered above. To prove our claim, it is enough to prove the invariance of |M, L\c 
under reversion of the orientation in an arbitrary region, X, of P. Applying bubble 
moves T4 (see Figure S]) at the boundary of X, then using fis to push the newly 
attached disks near the crossings and using rjg to pull the crossings into these disks, 
we can reduce the claim to the case where AT contains no crossings of the diagram 
(note that all these transformations keep |M, L\c). Then X meets the link diagram 
in several disjoint embedded arcs. Similarly, applying bubble moves T4 and then 
lune moves (see Figure [7]) to push the newly attached disks between the arcs 
of the diagram in A, we can reduce the claim to the case where the diagram meets 
the disk A along a single embedded arc. Finally, applying the moves (T^'^)~^ (see 
Figure [SJ to P outside the diagram, we can reduce the claim to the case where X 
has only two vertices in P as in the picture below. There are two cases to consider, 
depending on whether or not this arc arrives and leaves in the same direction: 
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This concludes the proof of Theorem 112.21 □ 

12.4. Remarks. (1) Since all objects of Z{C) are direct sums of simple objects, the 
invariant \M,L\c extends by linearity to arbitrary colors of the components of L. 

(2) Theorem 111.11 directly extends to 3- manifolds with links, see Section flS. 51 

12.5. A special case. It is obvious that for L = 0, we have \M,L\c = \M\c, 
where \M\c G k is the invariant defined for closed M in Section [S] and generalized 
to compact M in Section [221 We obtain a similar formula for any Z(C)-colored 
framed oriented link L lying in a 3-ball in M. Denote by L' the Z(C)-colored 
framed oriented link in obtained by cutting out the ball containing L from M 
and embedding this ball - with L inside - in S''^. The embedding in question should 
be orientation-preserving. 

Lemma 12.3. We have 



(18) 



\M,L\c^\M\cFz^c)iL'). 



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 



53 



Proof. Pick an s-skeleton P of Af and a diagram d of L contained in a region r 
of P. Inserting if necessary small curls in d, we can assume that d has at least 
one self-crossing and all pre-twists of d are equal to zero. Denote the underlying 
(4-valent) graph of d by d. Applying if necessary to d in r, we can ensure that 
d is connected and all its edges have distinct endpoints. Then all regions of d are 
disks except the "exterior region" tq of d in r, which is an annulus. Let Ri be the 
set of the disk regions of d contained in r and R2 be the set of all other disk regions 
of d. Thus, Reg(d) = i?i n i?2 H {ro}. 

Since P^^^ Hd = 0, the scalar *p{^x \x\c) S k in the definition of L\c expands 
as a product of two scalars ^1,^2 6 ^- The scalar t\ (resp. f^) is obtained from the 
tensor associated with the vertices of P'^^^ (resp. d) through the tensor contraction 
associated with the edges of P'^^ (resp. d). Each is determined hy i = c(ro) G / 
and the map Cfc = cjflj. : Rk ^ I ■ We therefore denote by i'''^'=. We have 

|M,L|c = (dim(C))-l^l5] ( n dimc(r)) tji^ 

c{ro)=i 

= (dim(C))-l^l E E ( n dimci(r) I f'^^^ ^ ( J| dimc2(r) | 

lel ci: Ri-^I \reRi J C2. R^-^I \rGR2 J 

Below we prove that for all i E I, 

(19) ( nd™^(r))<^'^-dim(z)F^(c)(L')- 

c: _Ri^/ \re_Ri / 

Substituting this in the expression for L|c above, we obtain that 

|M,L|c = (dim(C))-l^l^ J2 ( ndinic(0)i^''^dim(z)F2(c)(i') 

= |Af|cF^(C)(i')- 

To prove we need to study the graph d in more detail. Let iV > 1 be the 
number of vertices of d (i.e., the number of crossings of d). Since the graph d is 
4-valent, it has 2iV edges. A computation of the Euler characteristic of r shows 
that d splits r into -I- 1 disk regions and the exterior region tq . The diagram d 
also determines a graph d* C r as follows. Fix a point in each region of d in r called 
the center of the region. These -I- 2 points are the vertices of d* . Every edge e 
of d determines a dual edge e* of d* which connects the centers of the two regions 
adjacent to e, meets the interior of e transversely in one point, and is disjoint from 
d otherwise. Note that the two regions adjacent to e are always distinct so that 
the edges of d* are not loops. We choose the edges of d* so that they meet only in 
common vertices. The vertex of d* represented by the center of rg is denoted O. 

By a subgraph of a graph G we mean a graph formed by some vertices and edges 
of G. A subgraph F of G is full if all vertices of G are vertices of F. A maximal 
tree in G is a full subgraph of G which is a tree. Each subgraph F of d determines 
a full subgraph F* of d* whose edges are dual to the edges of d not belonging to F. 
Clearly, F n F* = 0. If F is a maximal tree in d, then F* is a maximal tree in d*. 
Indeed, since every component of r \ F* contains a vertex of d and any two vertices 
of d can be related by a path in F C r \ F* , the set r\F* is connected. Hence F* 
is a forest with A^ -1- 2 vertices and 2A — (A — 1) = A^ -I- 1 edges. Such a forest is 
necessarily a tree. 

Let ei, . . . , e2Ar be the edges of d enumerated so that the following conditions 
are met. For k = 1, . . . , 2A^, set Fk = uf^j^e/ C d and observe that F^ is the full 
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subgraph of d* with edges e^^_^, . . . ,62^. We require that (a) the graph F/v_i is 
a maximal tree in d and (b) for all A: = A^, . . . , 2N, the graph F^_^ has a 1-valent 
vertex distinct from O and incident to e^. It is easy to choose ei,...,eAr-i to 
ensure (a). We explain now how to choose with k > N to ensure (b). For 
k — N, pick a 1-valent vertex vn of the maximal tree F^_-^ C d* distinct from O. 
(Such a vertex exists because a tree having at least one edge necessarily has > 2 
vertices of valency 1.) Let cat be the edge of d such that is the edge of F^_^ 
adjacent to v^. The graph is obtained from F^_^ by removing (keeping all 
the vertices). Clearly, F^ is a disjoint union of the isolated vertex vn and a tree 
with N + 1 vertices. We choose bn+i so that e^^j^ is the edge of the latter tree 
adjacent to a 1-valent vertex fAr+i ^ O. Continuing by induction we obtain that 
the graph Fjf constructed at the k-th step consists of isolated vertices vn, - ■ ■ ,Vk 
and a tree with 2N -I- 1 — fc vertices. We choose ek+i so that el_^_i is the edge of the 
latter tree adjacent to a 1-valent vertex Vk+i ^ O. This process stops at fc = 2N 
because the graph i^jV lias only isolated vertices. 

We can now prove (fTO)) . Recall that the term f*"'^ is obtained by placing a small 
colored tetrahedron-type graph in every crossing of d, taking the tensor product 
of the associated F2(c)-invariants, and tensor contracting this product along the 
edges of d. The colors of the edges of these tetrahedron- type graphs are determined 
by I, c, and the given coloring of the link components. We shall perform the tensor 
contraction at one edge at a time following the order of the edges ei, . . . , e2N fixed 
above. Condition (a) shows that for fc = 1, . . . , — 1, the fc-th tensor contraction 
involves two different pieces of the diagram so that we can apply Claim (d) of 
Lemma 14.21 At each of these N — 1 steps, the tensor contraction of the tensor 
product of two F2(c)"invariants yields the F2:(c)-iiivariant of a "fused" diagram. For 
k > N, the endpoint Vk of is the center of a disk region, Vk C r, of c? adjacent to 
the edge e^. Note that all other sides of Vk (i.e., all other edges of d adjacent to Vk) 
must have appeared at the previous steps among ei, . . . , Ck-i- This follows from the 
fact that neither of the edges e^^i, . . . , Cj^v is adjacent to Vk- Therefore the fusions 
corresponding to all sides of Vk except Ck have been done before the fc-th step. The 
tetrahedron-type graph associated with a vertex of Vk has a side in Vk] under the 
fusions in question, these sides are united into a single arc labeled with c(V/c). This 
shows that the fc-th tensor contraction involves two vertices of the same connected 
piece of the diagram. We apply Claim (c) of Lemma [4.21 where the roles of i,u,v 
are played respectively by c{Vk) and the endpoints of (here we use that all edges 
of d have distinct endpoints). After fusion along ek our diagram will contain an 
embedded c(T4)-colored circle. Lemma [4.21 c says that to preserve the state sum 
under the fusion we must delete this circle, the summation over c(Vfe) e /, and the 
factor dinic(Vfe). The rest of the diagram is the "fused diagram" obtained at the 
fc-th step. Continuing by induction, we obtain that the left-hand side of (fT9)) is 
equal to the F2(c)"iiivariant of the fused diagram obtained at the last step fc — 2N. 
This diagram consists of a diagram of L' surrounded by a big circle colored with i. 
The F2:(c)-iiivariant of this fused diagram is equal to dim(i) Fz(c){L'). This proves 
our claim. □ 

Applying Formula (fTS)) to M — and using the equality \S'^\c — (dim(C))^^ 
(see Section l673)) . we obtain that for any Z(C)-colored framed oriented link L C S*^, 

(20) \S\L\c^{d\Tn{C))-^Fz^c){L)- 

13. Deduction of Theorems 11.1 and 11.2 from Lemma 11.3 

13.1. Conventions. In this section, the symbol Z)^ denotes the unit disk in C with 
counterclockwise orientation and = dD^ is the unit circle with counterclockwise 
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orientation. Unless explicitly stated to the contrary, the torus x and the solid 
tori X and D"^ x are provided with the product orientations. 

13.2. A surgery formula. Let Z: Cobs — ^ vectk be a 3-dimensional TQFT over 

a field k. Wc establish a surgery formula for the values of Z on closed 3-manifolds. 

Given a framed oriented link L = U^_-^^Lq in S^, denote by El its exterior, 
i.e., the complement in of an open regular neighborhood of L. We endow El 
with the; oric^ntation induced by the right-handed orientation of S^. There is a 
homeomorphism f = Jl from the disjoint union N{S^ xS^) = 11^2(5'^ x S^)q of A'' 
ordered 2-tori to OEl carrying the q-th copy of the torus to the boundary of a closed 
regular neighborhood of Lq so that f{S^ x pt) is a positively oriented meridian of Lq 
and /(pt x 5^) is a positively oriented longitude of Lq determined by the framing for 
q = 1, A''. Observe that / is an orientation preserving homeomorphism N{S^ x 
^i) ~ -OEl- We use / to identify -OEl and N{S^ x S^). Then Z{-dEL) = A'^^ , 
where A = Z{S^ x S^). Consider the homomorphism 

Z{El, -OEl, 0) : A'»'^ = Z{-dEL) ^ ^(0) = k. 

For any yi,...,yN S ^, set 

Z{L; yi,...,yN) = Z{El, -OEl, 0) (yi (E) ■ ■ ■ (E> yw) G k. 

Consider the solid torus V = —{S^ x D"^) with orientation opposite to the product 
orientation. Then dV = S^xS^ in the category of oriented manifolds. Let w G A = 
Z{S^ X S^) be the image of 1 S k under the homomorphism Z{V,%,dV): k ^ A. 
We call w the canonical vector associated with Z. Pick an arbitrary basis Y of the 
vector space A and expand w = J2yeY '^yV where Wy G k. 

Lemma 13.1. Let M be a closed oriented 3-manifold obtained by surgery on 
along a framed link L = ii U • • • U L^ C S^. For any orientation of L, 

(21) Z{M)= Yl (l[wy}jZ{L;y,,...,y^). 

yiy-tVN^Y \g=l / 

Proof. Let Vn be a disjoint union of N copies of V. The associated homomorphism 
Z{Vn, 0, OVn) : k ^ A®^ carries 1 e k to 

yi,...,j/ivGF \g=l / 

The 3-cobordism M = [M, 0, 0) can be obtained by attaching the cobordism 
{Elt—OEl,^} on top of the cobordism (Viv,0,5VAr) along the homeomorphism 
f:dVN= N{S^ X S^) -OEl specified above. Therefore 

Z{M, 0, 0) = Z{El, -OEl, 0) o Z{Vn, 0, OVn) : k ^ k 

and 

Z{M) = ZiM,ID,(l})il) = Z{EL,-dEL,>!}){ []l'^y}jyi^---(^yN) 

yi,---,yNeY \q=i / 

Z{EL,-dEL.^){yi®---®yN) 
Z{L;yi,...,yN). 




□ 



56 



V. TURAEV AND A. VIRELIZIER 



13.3. Link TQFTs. For any category B, we define a category Cb of 3-cobordisms 
witli ;B-colored framed oriented links inside. The objects of are closed oriented 
surfaces. A morphism Eq ^ in is represented by a triple (M, h,K), where 
M is a compact oriented 3-manifold, h is an orientation-preserving homeomorphism 
(—So) U El ~ dM, and X is a ;B-colored framed oriented link in M \ dM . (A link 
K is S-colored if every component of K is endowed with an object of B called its 
color.) Two such triples (M, K) and (M', /i', K') represent the same morphism if 
there is an orientation-preserving homeomorphism F : M — M' such that h' — Fh 
and K' = F{K) in the class of i3-colored framed oriented links. The composition of 
morphisms in Cb is defined via the gluing of cobordisms and the tensor product in 
Cb is defined via disjoint union. This turns Cb into a symmetric monoidal category. 
The links in question may be empty so that the category Cobs of Section 19.11 is a 
subcategory of Lb- 

By a link TQFT we mean a symmetric monoidal functor Z: Cb — > vecti^. We 
establish a version of Formula (|2ip for such a Z . Consider disjoint framed oriented 
links K and L = U^^Lg in and assume that K is ;B-colored. Then K lies in the 
exterior El of L. As in Section [H^l Z{-dEL) = A®^, where A = Z{S^ x S'^). 
For any yi, . . . , ?/jv e ^, set 

Z{K,L-yi,. . . ,yN) ^ Z{{EL.K),^dEL,%)[yi® ■ ■ ■ ®yN) eh, 

where the pair (i?L, K) is viewed as a morphism —dE^ in Cb- Let M be the 
closed oriented 3-manifold obtained from 5*'^ by surgery along L. Then K C El C 
M is a ,B-colored framed oriented link in M and 

(22) Z{M,K)^ J2 (Y[wy}jZiK,L;y,,---,yN), 

where Y is any basis of A and w = J2yeY '^vV G ^ is the canonical vector. For 
ii' = 0, we recover Formula (PT|) . The proof of Formula repeats the proof of 
Formula ((2T|) with the obvious changes. 

13.4. The link TQFT \ -\c- Fix a spherical fusion category C over an algebraically 
closed field k such that dimC ^ 0. The results of Section [T^ allow us to extend the 
TQFT I • |c : Coba ^ vectk of SectionOto a link TQFT Cz(c) ^ vectk, where Z{C) 
is the center of C. On surfaces and 3-cobordisms with empty links these TQFTs 
are equal. In general, the construction follows the same lines as in Sections 19.31 
and 19.41 but involves 3-cobordisms with Z(C)-colored framed oriented links inside. 
The resulting link TQFT is also denoted \-\c- 

Let e D2 be the center of D^. For any j G Ob(Z(C)), denote by the solid 
torus X S"^ endowed with the j-colored framed oriented knot {0} x S"^ whose 
orientation is induced by that of and whose framing is constant, i.e., determined 
by a non-zero tangent vector of at 0. Clearly, dU^ — x so that the link 
TQFT I • |c produces a vector 

y^ = \U\^,dU^ceA^\S^ -kS\- 

By Miiger's theorem fTheorem ll0.3p . the category Z{C) is modular and anomaly 
free. We fix a (finite) representative set J of simple objects of Z{C)- 

Lemma 13.2. The set Y = iy'')jej a basis of the vector space A- The canonical 
vector w A expands as w ^ (dim(C))^^ l^jej '^^^ij)y^ ■ 

Proof- Consider the framed oriented Hopf link K U L C whose components 
K, L have framing and linking number 1. Endow K with a color i J . The 
definitions of Section 113.31 applied to the link TQFT | • |c yield a k- linear map 

v4 -> k, y n- |if , L\ y\c G k. We compute the value of this map on y^ G A for j G J - 
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Since the gluing of x to the exterior El of L along the homeomorphism 
/l'- X ^ OEl yields S^, the functoriality of | • |c implies that 

where Hi j = K U L is the framed oriented Hopf link whose components K, L are 
colored with i,j respectively. Formula (1201) gives then 

\K,L;y^\c = {<^iu,{C))-^ Fzic){H^,,) = (dim(C))-i5,,„ 

where [Sij\i^j£j is the S'-matrix of Z(C). By the definition of a modular category, 
this matrix is non-degenerate. Hence the vectors {y-')j are linearly independent. By 
Lemma [Ha dim^ = <iimTz(c){S'^ >^ S^). By [E], dim T2(c)(S'1 x S^) = card J^. 
Therefore dim A = card J" and the set Y = {y^)j^j is a basis of A. 

Consider the Z(C)-colored framed oriented link H^j = U C obtained 
from Hij by adding a positive twist to the framing of each component. Since L"*" 
is an unknot with framing 1, the surgery on along gives S'^. The knot 
gives after this surgery an unknot in with framing and color i. Denote this 
unknot by X^. Bv (PO)) . 

\S^K^o\c = {dim{C))-'Fzic){K'o) = (dim(C))-Mim(z). 
On the other hand, Formula (|22p gives 

where w = X^je j Wjy^ with Wj G k for all j. As above, 

\K+,L+;y^c = H+\c - (dim(C))-iF2(c)(i/+-) = id\in{C))-'v,v,S.., , 

where Wfe S k is the twist scalar of fc G ^J. Combining these equalities, we obtain 
that for all i & J, 

dim(i) = WjVjVjSjj. 

Since the S'-matrix and the twist scalars are invertible, this system of equations has 
a unique solution. By [Tu| . Chapter II, Formula (3.8.d), 

dim(i) = (dim (C ) ) ~ "'^ dim ( j ) Vj vj Sjj. 

Hence Wj = (dim(C))^^ dim(j) for all j. □ 

13.5. Proof of Theorem 111.11 We shall prove that for any Z(C)-colored framed 
oriented link K in a closed oriented 3-manifold M, 

(23) \M,K\c^Tz^c){M,K). 

For K — this gives Theorem lll.il 

Present M by surgery on 5'' along a framed oriented link L = LiU---UL7v C . 
Pushing K in the exterior El of L in 5'"^, we can assume that K C El- For any 
ji, ...^jN S denote by L(^j^ jj^-^ the link L whose components Li, . . . ,Ljq are 
colored with ji, . . . , jat respectively. We shall apply the notation of Section [TX31 to 
the hnk TQFT Z ^\-\c. Observe that 

|X, L; . . . , y^" Ic = |S^ X U L(,,,...,,„) Ic. 

This follows from the definitions, the functoriality of | • |c, and the fact that the 
gluing of llq^iU^" to {El,K) along the homeomorphism Jl - N{S^ x S^) — > OEl 
introduced in Section [THU] yields the pair (S'^, K U Li^j-^ j^) ). By (EOl), 

l^'-^UL(,,^...,,„)|c = (dim(C))-iF^(c)(if UL(,,^...,,„)). 
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Applying ([2^ to Z ~ \ ■ \c and the basis of x S^\c given by Lemma [13.21 we 
obtain 



i-^-ic- E (n^) 

V ( TT ^ 

^ U-l- dim(C) i 



K,L;y^\...,y^«\c 



(dim(C))-iF2(c)(i^UL(,,,...,,„)) 



(dim(C))-^-i ^ (nd™(^?))^2(c)(^UL(,,. 

Jl,...J]v6J \'3=1 / 



= T2(c)(Af,i^), 

where the last equality is the definition of tz(c){M,K) in |Tu) . 



13.6. Proof of Theorem 111.21 For a category we define a category Cyg of 3- 
cobordisms with B-colored ribbon graphs inside, see |Tuj for a definition of colored 
ribbon graphs. (Here we consider only ribbon graphs disjoint from the bases of 
cobordisms.) The category Qs is defined as £5 replacing "framed oriented links" 
with "ribbon graphs". The category Qig contains Cobs as a subcategory and is a 
symmetric monoidal category in the obvious way. By a graph TQFT we mean a 
symmetric monoidal functor Qs vectk. In the rest of the argument B = Z{C). 

The TQFT tz{c) '■ Cobs vectk extends to a graph TQFT Qz(C) vectk stih 
denoted tz{c)^ see |Tu) . Chapter IV. This TQFT is non-degenerate in the following 
sense: the vector space tz(c){^) associated with any closed oriented surface S is 
generated by the vectors tz[c) {M, 0, S)(l), where M runs over all compact oriented 
3-manifolds with 2^(C)-colored ribbon graphs inside and with dM = E. 

The TQFT | • |c : Cobs vectk also can be extended to a graph TQFT. To do 
this, one proceeds similarly to Section [T^] by representing the ribbon graphs in a 
3- manifold M by diagrams on an s-skeleton P of M. Then one defines a state sum 
on such a diagram d as in Section [T^ A typical coupon of d 




contributes to the state sum the factor 




where the invariant ¥c of C-colored knotted graphs in is extended straightfor- 
wardly (by the Penrose calculus) to C-colored ribbon graphs in S'^. (In this example 
of a coupon, A,B,C,D,E G Ob(Z(C)), / e Hom2(c)(^ ® B C*, (g) E), and 
k,l,m G I are the colors of the regions of d in P adjacent to the coupon.) The 
resulting state sum is invariant under the moves fii — fig (away from the coupons) 
and under the moves pushing a coupon over or under a strand or across an edge 
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of P. Therefore the state sum in question yields an isotopy invariant of -Z(C)-colored 
ribbon graphs in M. The extension of | ■ |c to Gz(c) proceeds as in Sections lOl 19.41 
and 113.41 replacing "framed oriented links" with "ribbon graphs" . The resulting 
graph TQFT Gz{C) — ^ vectk is stiU denoted | • \c- 

We claim that there is a natural monoidal isomorphism of the functors T2;(c) and 
I • \c from Gz{c) to vectk. Restricting both functors to Coba, we obtain the theorem. 
Our claim follows from a general criterion establishing isomorphism of two TQFTs, 
cf. [Tuj . Chapter III, Section 3. Namely, if at least one of the TQFTs is non- 
degenerate, the values of these TQFTs on cobordisms with empty bases are equal, 
and the vector spaces associated by these TQFTs with any closed oriented surface 
have equal dimensions, then these TQFTs are isomorphic. Here by a TQFT we 
mean a generalized TQFT incorporating graph TQFTs. The first condition holds 
because the graph TQFT tz(c) is non-degenerate. That \M,K\c — tz(c){M,K) 
for any 2^(C)-colored ribbon graph if in a closed oriented 3-manifold M is proven 
along the same lines as Formula ([25)1 . The equality of dimensions is provided by 
Lemma 111.31 This completes the proof of our claim and of the theorem. 

14. The coend of the center 

The aim of this section is to compute the coend of the center of a fusion category. 
This computation will be instrumental in the proof of Lemma 111.31 given in the next 
section. It is based on the theory of Hopf monads, which was introduced precisely 
to this end in [BVll IBV2j . We briefly recall this theory and state the relevant 
results of [BVl, BV2!. 

14.1. Coends. Let C and T) be categories. A dinatural transformation from a 
functor F : C°p x C ^ P to an object of P is a family 

d = {dx: F(X,X)^D}xeOHC) 

of morphisms in V such that dxF{f,iAx) — dyFiidy, f) for every morphism 
/: X — > y in C The composition of such a d with a morphism cp: D D' in 

V is the dinatural transformation ip o d — {ip o dx '■ F(X,X) D'}xeOh{c) from 
F to D' . A coend of F is a pair (C, p) consisting in an object C of 2? and a dinat- 
ural transformation p from F to C satisfying the following universality condition: 
every dinatural transformation d from F to an object of V is the composition of 
p with a morphism in 2? and the latter morphism is uniquely determined by d. If 
F has a coend {C,p), then it is unique (up to unique isomorphism). One writes 
C = j^^"- F{X,X). For more on coends, see [Mac] . 

For a left rigid category C (that is, a monoidal category such that every object 
X oi C has a left dual ^X), the formula {X^Y) ^ X ® Y defines a functor 
C°P X C — > C The coend of this functor (if it exists) is called the coend of C. 

Consider in more detail the case where C is a fusion category over a commutative 
ring k. Let / be a (finite) representative set of simple objects of C. If 2? is a 
k-category which admits finite direct sums, then any k-linear functor F: C°p x C — > 

V has a coend {C,p). Here C = ®i^iF{i,i) and p = {px- F{X,X) C}xeOb(C) 
is computed by px = J2a F^^XtP'x)^ where (p^, qx)a is any /-partition of X. An 
arbitrary dinatural transformation d from F to an object Z? of P is the composition 
of p with X^iG/ di '. C ^ D. In particular, C has a coend ® i* ® i- 

14.2. Centralizable functors. Let C be a left rigid category. A functor T: C C 
is centralizable if for every object X oi C, the functor C°p x C — >■ C carrying any 
pair (Fi, ^2) to ""TiYi) X Fa has a coend 

rYeC 

Zt{X) = / ^T{Y)®X®Y. 



60 



V. TURAEV AND A. VIRELIZIER 



The correspondence X H> Zt{X) extends to a functor Zt'- C C, called the 
centralizer of T, so that the associated universal dinatural transformation 

(24) px,Y--'^T{Y)(g)X (g>Y Zt{X) 

is natural in X and dinatural in Y. 

For example, if C is a fusion category over k, then any k-linear functor T: C ^ C 
is centralizable, and its centralizer Zt : C — > C is given by 

(25) Zt{X) =^T{i)* ^X (g)i 

for all X e Ob(C), where / is a representative set of simple objects of C. The 
associated universal dinatural transformation is 

px,Y ^^T{q^Y ®idx ®P^y: T{Y)* ® X ®Y ^ Zt{X), 
where (py, (j'y);3 is any /-partition of Y . 

14.3. Hopf monads. The Hopf monads generalize Hopf algebras to an abstract 
categorical setting. We recall the basic definitions of the theory of Hopf monads 
referring to BVl for a detailed treatment. 

Any category C gives rise to a category End (C) whose objects are functors C C 
and whose morphisms are natural transformations of such functors. The category 
End (C) is a (strict) monoidal category with tensor product being composition of 
functors and unit object being the identity functor Ic : C — > C A monad on C is 
an algebra in the category End (C), that is, a triple (T, /i, "q) consisting of a functor 
T : C — ^ C and two natural transformations 

^i^{^ix■. T\X) ^ T{X)]xeOHC) and 77 = {r/x : X ^ T{X)}x<,o\>^c) 
called the product and the unit of T, such that for all X G Ob(C), 

^.xT{p.x) = AiJfMT(x) and fixVriX) = idT(x) = t^xT{rix). 

For example, the identity functor Ic : C — C is a monad on C (with identity as 
product and unit), called the trivial monad. 

Given a monad T on C, a T- module in C is a pair (M, r) where M G Ob(C) and 
r: T{M) — M is a morphism in C such that rT{r) = rpiM and rrjM = idA/- A 
morphism from a T- module (M, r) to a T- module {N, s) is a morphism / : M N 
in C such that fr — sT{f). This defines the category T-C ofT-modules in C, with 
composition induced by that in C. We denote hy Ut the forgetful functor T-C ^ C, 
defined by UT{M,r) = M and C7t(/) = /■ Note that Ic-C = C. 

To define Hopf monads, we recall the notion of a comonoidal functor. A functor 
F: C ^ D between monoidal categories is comonoidal if it is endowed with a 
morphism fo : Fi^) 1 and a natural transformation 

F2 = {F2(X, r) : F{X ®Y)^ F{X) ® F{Y)} x,YeOHC) 

which are coassociative and counitary, i.e., for all X, y, Z G Ob(C), 

(idf (X) ® F2{Y, Z))F2{X, Y®Z) = {F2{X, Y) ® id^ (2))F2(X ® Y, Z) 

and 

(idp^x) ® Fo)F2{X,l) = idf(x) = (Fo (g)idj.(x))F2(l,X). 
A natural transformation (/s = Wx- F{X) G{X)}x£Oh(c) between comonoidal 
functors is comonoidal if GoVi = Fq and, for all X, F G Ob(C), 

G2(X, Y) ifxm = (V'x ® Vy)F2{X, Y). 

Let C be a monoidal category. A bimonad on C is a monad (T, /i, 77) on C such 
that the underlying functor T: C ^ C and the natural transformations /i and 77 are 
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comonoidal. For a bimonad T on C, the category of T- modules T-C has a monoidal 
structure with unit object (1, Tq) and monoidal product 

(M, r) (K) {N, s) = (M (E>N,{r(g) s) T2{M, N)) . 

Note that the forgetful functor Ut : T- C — ?> C is strict monoidal. 

By a rigid category we mean a monoidal category C such that every object X 
of C has a left dual and a right dual X'^ . Every morphism / : X in a rigid 
category gives rise to two dual morphisms '^Y X and : X^. A 

bimonad T on a rigid category C is a Hopf monad if its category of modules T- C 
is rigid. This condition can be reformulated in terms of morphisms 

= {4 : T(^r(X)) ^ ^XUeOb(c) and = {s^ : T{T{XY) X^}xeOb(c) 

encoding the left and right duals of any T- module (M, r) via the formulas 

\M,r)^('M,s\,T('r)) and [M , rY = {M\ sl,T {r'' )) . 

The morphisms s' and s'' are called the left and right antipodes, respectively. For 
example, the trivial monad on C is a Hopf monad (with identity morphisms for 
comonoidal structure and antipodes) , called the trivial Hopf monad. 

14.4. Distributive laws. Let {P,m,u) and {T,^,ri) be monads on a category C. 
Following Beck [Be] , a distributive law of T over P is a natural transformation 
fi = {rijsf : TP{X) PT{X)} x£Oh{c) satisfying appropriate axioms which ensure 
that the functor PT : C ^ C is a monad on C with product p and unit e given by 

px ^rnT{x)P'^{lJ'x)P{^T{x)) and ex ^ ut{x)T1x for any X e Ob(C). 
The monad {PT,p, e) is denoted by P o^T. A distributive law of T over P also 
defines a lift of P to a monad (P, m. u) on the category T- C by 

P{M,r) = [P{M),P{r)VLM), m^M.r) = "^M, W(M,r) = "M, 

and the categories P- (P-C) and (P oq T)-C are isomorphic. 

If C is rigid, P and T are Hopf monads, and is comonoidal, then P ojj T is 
a Hopf monad on C, P is a Hopf monad on T-C, and P- (T-C) ~ (P ojj T)-C as 
monoidal categories (see (BV21 Corollary 4.11]). 

14.5. Centralizer and double of a Hopf monad. Let C be a rigid category. 
We state here some results of ^BV2J concerning the centralizer and the double of a 
Hopf monad on C. As an application, we shall compute (under certain additional 
assumptions on C) the coend of the center Z{C) of C. 

Let T: C ^ C be a centralizable Hopf monad on C. Then its centralizer Zt ■ C — > 
C has a natural structure of a Hopf monad on C, see |BV21 Theorems 5.6]. Consider 
the universal dinatural transformation p associated with Zt, see (j24p . Since T is a 
Hopf monad on C, for any X G Ob(C), the dinatural transformation 

{Tipx,Y) : T(^r(r) (g,X(g,Y)^ TZT{X)}YeOMC) 

is universal. Therefore there exists a unique morphism TZt{X) — > ZtT{X) 
such that, for any Y G Ob(C), 

(26) nlT{px^Y) = PT(X).T(Y) YpYs'TiY)TCliY) <E> T^iX, Y)) T2CT{Y),X <E> Y), 

where p and s' are the product and the left antipode of T. By [BV2[ Theorem 6.1], 
n'^ = {ri^f : TZt{X) ^ ZTT(X)}x(£Oh(c) is an invertible comonoidal distributive 
law, called the canonical distributive law of T over Zt- By Section 114.41 this has 
two consequences. 

Firstly, Dt — Zt oqt T is a Hopf monad on C and the rigid categories Dt- C 
and Z(T-C) are isomorphic, see |BV21 Theorem 6.5]. An explicit isomorphism 
^T ■ Dt- C — > Z[T- C) carries any morphism in Dt- C to itself viewed as a morphism 
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in Z{T-C) and carries any (Af,r) € Oh{DT-C) to ((M, ruT(M)), cr) e Ob(Z(T-C)) 
with 

o'(w,s) = (s (X" rpT{M),N){coevTiN) <8) »7m ® idAr) : M (g) TV -> TV (Ki M, 

where and u are the units of T and respectively. The Hopf monad Dt is 
caUed the double of T. Though we shall not use it, it is important to note that 
Dt is quasitriangular in an appropriate sense and ^t- Dt-C Z{T-C) is an 
isomorphism of braided categories. 

Secondly, il"^ determines a lift of Zt to a Hopf monad Zt on T-C, which turns 
out to be the centralizer of the identity functor of T-C, see |BV2[ Theorem 6.9]. By 
the definition of a centralizer, Zt(1, Tq) = (Zt(1), ZT{To)nl) is the coend of T-C. 

Now let C be a rigid category such that the trivial Hopf monad Ic is centralizable. 
Clearly, the centralizer Z — Z\^ of Ic coincides with the double of Ic- Applying 
the results above to T = Ic, we obtain that Z is a quasitriangular Hopf monad 
and $ = ^ic'- Z-C ^ 2{C) is an isomorphism of braided categories. Assume 
furthermore that Z is centralizable. Applying the results above to T = we 
obtain a morphism fl ^ : ZZz{t) ZzZ{l). Then {Zz{t),Zz{Zo)n) is the 
coend of Z-C. So, 

= $(Zz(l),Zz(Zo)f7) e Ob(Z(C)) 

is the coend of Z{C). We have C = Zz{l) and, for any X e Ob(C), 

(27) cfx = (idx ® Zz{Zo)nQc,x){coeYx ® idcox) : C ® X ^ X ®C, 

where qx,y '■ "^Y (i) X ®Y ^ Z{X) is the universal dinatural transformation for 
Z{X) = j^^'^'^Y ®X ®Y. 



14.6. The case of fusion categories. We apply the computations of the previous 
subsections to a fusion category C over k. Fix a representative set / of simple objects 



of C. For X e Ob(C), denote by (pJ : X 



X)a£Kx /-partition 



of X. For i £ I, let A^ be the subset of A^ consisting of all a G Ax such that 

By the results above, the trivial Hopf monad Ic, being k-linear, is centralizable 
and its centralizer Z: C -> C is the Hopf monad given by Formula (|25p for T = Ic, 
that is, Z{X) = i* ^ X ^i. The structural morphisms of Z can be computed 

as follows, see ^BV2j. Let ip be the pivotal structure of C (see Remark I l.Sp . Then 
for any A, F G Ob(C), 



Z2{X,Y) 





: Z{X (g)Y) ^ Z{X)(E) Z{Y), 



MX 



E 



i,j,kel 



k I Jf-- 



± 



Z2(X)^Z(A), 



Vx 



lAx-X ^ X 



1* ®X®1^ Z{X), 



^x — ^x — 





Z{Z{X)*) X* 



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 63 

Being k-linear, the Hopf monad Z is centralizable and its centralizer Zz : C ^ C 
is given by Formula (05|) ior T = Z, that is, 

^z{X) = Zij)* X ® J ~ I* J* ® I ® X ® J, 
jei i,j&i 

with universal dinatural transformation 

Px,Y= id^.'»{q^y®i:~^'»idx'»PY-{Z{Y)y®XiE)Y^Zz{X). 

By Section ri4. 51 Z{C) admits a coend (C, u), where 
(28) C = Zz(l) = r®j*(^z0j, 

and a = {ax : C(8)X — >• X i^^ C} x eOh{C} is given by ([??)) . Using (^51) and the above 
description of the structural morphisms of Z, we obtain that, for any X G Ob(C), 



<7X 




Using the fact that for any X,Y ^ Ob(C), the family of pairs 




is an /-partition of X (^Y, the half braiding a can be rewritten as 




The latter formula simplifies for X E I. In this case (idx,idx) is an /-partition 
of X, so the top- left and bottom- right boxes may be deleted from the picture and 
the summation over z is unnecessary: only z = X may contribute a non-zero term. 

15. Proof of Lemma 11.3 

Since k is an algebraically closed field, Z{C) is a fusion category. By Section [14.11 
the coend of Z{C) is ® jgx** ® where I is a representative set of simple objects 
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of Z{C). By [Tu, Chapter IV], for a closed oriented surface S of genus 5 > 0, 
Tz(c)(S) = Honi2(c)(lz(c),i^«)ii «)■•■«) 

ii,...,ig£X 

= Rom z{c){^z{c), (X) zi • • • i* ig) 
ii,...,jgei 

= Hom2(c)(lz(C),(0»*®^)®^)- 

Therefore Lemma 11.3 is a direct consequence of the fohowing lemma. 

Lemma 15.1. Let C be a spherical fusion category over a commutative ring k such 
that dim(C) is invertihle in k. Then for any closed connected oriented surface S of 
genus g > 0, the k-module jSjc is isomorphic to liom2:(c){'^z{c)i '^)'^^) j where 
(C, cr) is the coend of Z[C). 

Proof. For g — the claim of the lemma follows from the computation of Sec- 
tioning] Suppose that g > 1. By the definition of the monoidal product of Z(C), 
we have (C, a)®^ = (C^f, crS), where = {aH^: C®^ X ^ X ® C^^jj^ eob(c) is 
the half braiding defined by 

= i^x ® id(^®(g-i) ) • • • (id(^®(g-2) (g) CTx fX" idc)(idc»(g-i) ®(tx)- 

By Lemma [10. 21 Hom2:(c)(l2:(c)j (C', u)®^) is the image of the involutive endomor- 
phism TT of Homc(lc, ) carrying any / e Homc(lc, C*®^) to 

7r(/) = (dim(C))-i^dim(z) 



where / is a representative set of simple objects of C. Without loss of generality, 
we can assume that Iq G /. For i = (ii, . . . , jg) e and j = O'l, . . . , jg) G set 

9 

dini(i) = JJ^ dim(ifc) 
fc=i 

and 

Vij = Homc(lc, Ji* ii ii (8) • • • « « j* iff ® jg). 

For an exphcit description of the coend (C, ct), see Section [14.6I In particular. 
Formula (1^5)) implies that 

Homc(lc,C®^)= ^ij. 

Hence tt = j j^^g TrJ^j', where Trj^j' is a k-homomorphism VI j — > Vk,i. Using the 
expression for a given at the end of Section [14.61 we obtain that for any / € Vij, 

ttI;/!/) = (dim(C))-idim(i)dim(l)^dim(z) n!;j'(/). 
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Here, for any X G Ob(C), we pick an /-partition (p'^,qjr)a^{^-^ of X and denote 
by Ax the set of all a S such that the target of is Ic- For a € \x, the 
morphisnis : X tc and q'^: Ic ^ X are depicted respectively as 




Let E be a closed connected oriented surface of genus 5 > 1. For i = (ii, . . . , i^) S 
/f and j — (ji, ■ ■ ■ ,jg) S I^, consider the following /-colored graph Gjj on S: 




The underlying oriented graph of Gij, denoted G, is a skeleton of E. It has one 
vertex x of valence 4g, and its complement in E is a disk. The surface E can 
be obtained from a 4(7-sided polygon by gluing pairs of sides, and the graph Gij 
corresponds to the union of radii joining the center of the polygon to the centers of 
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the sides: 




By definition, the k- module jSjc is isomorphic to the image of the homomorphism 
p{G, G) : \G; S]|° ^ |G; where 

|G;Er =®ije/.<,H(Gij). 
The cone isomorphisms Ti j : i?(Gi.j) = ^^^(Gi.j) Vij induce an isomorphism 
J2 ^ij: |G;Sr^ Vl.j=Homc(l,G«'s). 

iJe/9 i,jG/9 

Consider the automorphism k = X^ije/s dim(j)idv'. ^ of ffiije/sVij. We claim that 
(30) ktp{G,G){kt)-^ =TT. 

Hence the images of the projectors p{G, G) and tt are isomorphic. This will imply 
the claim of the lemma. 

By definition, p{G,G) = Ei,j,k,iG/9 ^^u'' '^here 

p^j = |S X [0,1],I] X {0},Gij X {0},!] X {l},Gk,i x {l}|c: iJ(Gij) ^ iI(Gk,i). 

To compute p^'^, consider the C-colored graph 

Gfj = (G?? X {0}) U (Gk.i X {!}) c X [0, 1]). 

By definition, 

plf = dim(C) (dim(k)dim(l))-i T(|S x [0, 1],G;;:'|c). 
To compute the right-hand side, consider the 2-polyhedron 

P = (Gx [0,1]) U (Ex {i})cl]x [0,1]. 

We stratify P by taking as its edges the arcs a; x [0, ^], a; x [i, 1], and the edges of 
G X {t} for t e {0, i, 1}. The polyhedron P has 3 vertices x x {t} with t e {0, i, 1}. 
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We orient the regions of P as shown in the next picture. 




It is clear that P is a skeleton of the pair (E x [0, 1], G^'j)- The maps Reg(P) — > / 
extending the coloring of the boundary are numerated by the color z G / of the 
unique region of P lying in E x {^}. The link of the vertex {x, ^) of P determines 
a C-colored graph in : 




Let u,v be the bottom and the top vertices of F^, respectively. Then 

|E X [0,l],Glf\c - (dim(C))-2 II dim(y) ^ dim(z) ^^^^/(z) 

ye{ij,k,l} ze/ 

where 



68 



V. TURAEV AND A. VIRELIZIER 



In graphical notation, 




where the dotted hnes represent the tensor contractions. Note that Hu{T^) 
ff(Gij) and H,{T') = i?{G°P,). 

Consider the sequence of signed objects of C 

S = ((fcl, -), (Zl, -), (fcl, +), (Zl, +), . . . , (kg, -), (Zg, -), (fcg, +), (Ig, +)). 

Recall the object X = Xs G Ob(C) defined by ([5]) and the isomorphism ips* '■ Xs* 
X* defined in the proof of Lemma 12.31 Consider the cone isomorphisms 

rk,i : H{GkA) ^ V^a = Homc(lc,^) 

and 

n,k: ^(Gk^) ^ ^T,k = Homc(lc,XsO, 
where k = {kg, . . . ,ki) and 1 = (Ig, . . . For a G A = Ax, set 

= ^k^i' (^x) e ^(Gk,i) and 5, = T--1 i^s' ° (Px)*) e HiGZ)- 



Then 



is the inverse of the contraction pairing H{G'^y) (E) i?(Gk.i) k, cf. the proof of 
Lemma HHT a). Therefore, for any h G i?(Gij), 



k,i.,N dim(i)dim(j) ,• ^ ^ k,w, ^, n 



For any / G Vij, 



dim(i) dim(l) 
dim(C) 



^ dim{z)fi^f{T..^{f)(E)bc)Tk,i{aa). 



zei,aex 
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We have 



E 




Using (P^l and the fact that J2aexPx1x^ ~ ^ ^'^^ ^ ^ Homc(l,^), we obtain 



that the latter expression is equal to IIj j (/). Therefore 

k,i/ \-iff\ dini(i) dim(l) ^ t\Ti^-i/j-\ k.l,.^ 

«rk,,Pij (KTij) (/) = ^.^^^^^ E n. j (/) = j (/). 



This proves ([5(11) and concludes the proof of the lemma. 



□ 



Appendix. The Gj-symbols 

The tensors known under the awkward name 6j-symbols (see Example l3.3p play a 
special role in this theory because only these tensors are needed for the computation 
of the state sum of Section [6731 on special skeletons of 3-manifolds. We outline the 
basic properties of the 6j-symbols associated with a spherical pre- fusion category C. 
Pick a 6-tuple T = («, £i,j, £j,k, £k,h Sm, n, £„) of signed objects of C. Let Ft 
be the C-colored graph in S'^ obtained from the graph F C in Example 13.31 by 
reversing the orientation on all edges colored by x S {i, j, k,l,m,n} with Ex = 
Then 

I El mem nSn 

is the 6j-sym,hol determined by T. Here H{Tt) is the (non-ordered) tensor product 
of the modules i7(m,e„,j, -ej,n, -£„), H{j,ej,i,ei,k, -£k), i?(n,£„,j, -£j,l, -£/), 

?;+ j+ k- 



and i?(/, fc, Efc, m, — £,«)■ In particular, 



1+ m+ n+ 



Fc(r). 



The isotopy invariance of Fc implies that the 6j-symbols have the symmetries of 
an oriented tetrahedron. For example, 



i+ j+ k+ 
1+ m+ n+ 



j+ 

771+ 



k- 
71- 



k+ 1+ 771 + 

71— i+ j — 



Given i, j,k G Ob(C) and signs e, fi, we have a canonical (non-degenerate) pair- 
ing i/(ie,j/i, fczy)(X)i?(fc(— zy),j(—/i), i(—e)) k, see Sections l2.4l and l3.1l This form 
is denoted oJiej^^kf and the corresponding tensor contraction is denoted *ie,jfi,ku- 
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Theorem 15.2 (The Biedenharn-Elliott identity). Let I be a representative set of 
simple objects in C. For any a, b, c, i, j, k, l,m,n € Ob(C), 

b± 



^dini(z) *rnT.k±.z± 



CT b± 



i± Z=F 

m± n± fc± 

«± JT a=F 
l± n± k± 



z± 
l± 



JT c± 

TOlt fc± 



Proof. Note that the signs of all the objects in this formula may be chosen inde- 
pendently from each other. For the upper choice of all the signs, the graphical 
proof is given in Figure [TU] (for the opposite choice of some of the signs, reverse the 
orientation of the corresponding edges). Figure [TUl presents colored C-graphs in 5^; 
the equality means the equality of their Fc-invariants. The first equality is obtained 
by applying Lemma r4.2f d) twice (along the dotted lines) and then Lemma S^c). 
The second equality follows from the invariance of ¥c under isotopies of the graph 
in S^. The last equality follows from Lemma H2Id). □ 





Theorem 15.3 (The orthonormality relation). For any objects i, k, I, m, m', n of C 

such that TO, to' are simple and for any I as above, 



dim(TO) ^ dim(z) *z±,i±MT *z±,nTd± 



z£l 



i± z± k± 



z=F iT fcT 
to'± Z± n± 



The proof is given in Figure 1111 
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